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EQUIVARIANT KODAIRA EMBEDDING FOR CR MANIFOLDS WITH CIRCLE ACTION
CHIN-YU HSIAO, XIAOSHAN LI, AND GEORGE MARINESCU
ABSTRACT. We consider a compact CR manifold with a transversal CR locally free circle action
endowed with a rigid positive CR line bundle. We prove that a certain weighted Fourier-Szego˝
kernel of the CR sections in the high tensor powers admits a full asymptotic expansion. As a
consequence, we establish an equivariant Kodaira embedding theorem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
The goal of this paper is to study the equivariant embedding of CR manifolds with circle
action. The embedding of CR manifolds in general is a subject with long tradition. One par-
adigm is the embedding theorem of compact strictly pseudoconvex CR manifolds. A famous
theorem of Louis Boutet de Monvel [4] asserts that such manifolds can be embedded by CR
maps into the complex Euclidean space, provided the dimension of the manifold is greater
than or equal to five.
In dimension three there are non-embeddable compact strictly pseudoconvex CR manifolds
(see e. g. Burns [7], where the boundary of the non-fillable example of strictly pseudoconcave
manifold by Grauert [12], Andreotti-Siu [2] and Rossi [29] is shown to be non-embeddable).
However, if the manifold admits a circle action, then it is embeddable, by a theorem of
Lempert [22]. In the study of CR functions, which would eventually provide an embedding,
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it is natural to look to the orthogonal projector on the space of square integrable CR functions,
called Szego˝ projector. The Schwartz kernel of this projector is called Szego˝ kernel. In this
spirit, a proof based on the Szego˝ kernel of Lempert’s embedding theorem was given in [20].
Using the Szego˝ kernel of the Fourier components it was recently shown in [13, Theorem
1.2] that there exists an equivariant embedding of strictly pseudoconvex CR manifolds with
circle action.
Leaving the territory of strictly pseudoconvex CR manifolds, the natural idea arrises to
embed CR manifolds into the projective space by means of CR sections of a CR line bundle
of positive curvature [11, 13, 15, 16, 17, 18, 20, 21, 25, 27]. This is the analogue of the
Kodaira embedding theorem from complex geometry. In the case of CR manifolds we have
to use an analytic method, while Kodaira’s original proof relied on cohomology vanishing
theorems. Analytic proofs of the Kodaira embedding theorem for Ka¨hler and symplectic
manifolds, based on the Bergman kernel asymptotics, were given in [6, 23, 30, 32]. In this
paper we will use Szego˝ kernel analogues on CRmanifolds of the Bergman kernel asymptotics
on Ka¨hler or symplectic manifolds [8, 19, 23, 24, 30, 32]. A motivating example is the quadric{
[z] ∈ CPN−1; |z1|2 + . . .+ |zq|2 − |zq+1|2 − . . .− |zN |2 = 0
}
which is a CR manifold possessing a positive line bundle and a circle action. In [6, 30, 32]
the Szego˝ kernel on a strictly pseudoconvex CR manifold with trivial line bundle [5] (see also
[20]) was used to study the Bergman kernel on a Ka¨hler manifold, while here we study the
Szego˝ kernel for tensor powers of a CR line bundle.
We are thus led to the problem of equivariant Kodaira embedding of CR manifolds with
circle action, which will be the subject of this paper. We will prove that a certain weighted
Fourier-Szego˝ kernel admits a full asymptotic expansion and by using these asymptotics,
we will show that if X admits a transversal CR locally free S1-action and there is a rigid
positive CR line bundle L over X, then X can be CR embedded into projective space without
any assumption of the Levi form. In particular, when X is Levi-flat, we improve to C∞ the
regularity in the Kodaira embedding theorem of Ohsawa and Sibony (see Corollary 1.4).
Let us now formulate our main results. We refer to Section 2 for some standard notations
and terminology used here. Let (X, T 1,0X) be a compact CR manifold of dimension 2n − 1,
n > 2, endowed with a locally free S1-action S1×X → X, (eiθ, x) 7→ eiθx and we let T be the
infinitesimal generator of the S1-action.
We assume that this S1-action is transversal CR, that is, T preserves the CR structure
T 1,0X, and T and T 1,0X ⊕ T 1,0X generate the complex tangent bundle to X. In our paper
we will make systematic use of appropriate coordinates introduced by Baouendi-Rothschild-
Treves [3]. Namely, if X admits a transversal CR locally free S1-action, then for each point
p ∈ X there exist a coordinate neighborhood U with coordinates (x1, . . . , x2n−1), centered at
p = 0, and η > 0, ε0 > 0, such that, by setting zj = x2j−1 + ix2j , j = 1, . . . , n − 1, x2n−1 = θ
and D = {(z, θ) ∈ U : |z| < η, |θ| < ε0} ⊂ U , we have
(1.1) T =
∂
∂θ
on D,
and the vector fields
(1.2) Zj =
∂
∂zj
− i ∂φ
∂zj
(z)
∂
∂θ
, j = 1, . . . , n− 1,
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form a basis of T 1,0x X for each x ∈ D, where φ ∈ C∞(D,R) is independent of θ. We call
(x1, . . . , x2n−1) canonical coordinates, D canonical coordinate patch and (D, (z, θ), φ) a BRT
trivialization.
A vector bundle is called rigid (resp. rigid CR) vector bundle if there is a family of trivializa-
tions which cover X such that the entries of the transition matrices are functions annihilated
by T (resp. CR functions annihilated by T ), see Definition 2.5. The corresponding frames are
called rigid frames. A Hermitian metric on a rigid vector bundle is called rigid if for every
rigid frame {f1, . . . , fr}, the inner products of fj and fℓ are annihilated by T for any j, ℓ.
Let L be a rigid CR line bundle over X and let Lk be the k-th power of L. Let
∂b : Ω
0,q(X,Lk)→ Ω0,q+1(X,Lk),
be the tangential Cauchy-Riemann operator with values in Lk. For every m ∈ Z, put
(1.3) C∞m (X,L
k) :=
{
u ∈ C∞(X,Lk); Tu = imu} ,
and
(1.4) H0b,m(X,Lk) :=
{
u ∈ C∞m (X,Lk); ∂bu = 0
}
.
Since X is a compact manifold we have for every m ∈ Z (see [17, Theorem 1.23] and also
Theorem 3.7)
(1.5) dimH0b,m(X,Lk) <∞.
For λ > 0, put
(1.6) H0b,≤λ(X,Lk) :=
⊕
|m|≤λ
H0b,m(X,Lk).
We assume further that L is endowed with a rigid Hermitian metric h. The curvature of
(L, h) at a point x ∈ X is denoted by RLx (cf. Definition 2.8), and (L, h) is called positive if RLx
is positive definite at any point x ∈ X. The Hermitian metric on Lk induced by h is denoted
by hk.
The bundle CTX is rigid and we can take a rigid Hermitian metric 〈 · | · 〉 on CTX such that
T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X), 〈 T | T 〉 = 1
and 〈 u |v 〉 is real if u, v are real tangent vectors (see Theorem 2.13). We denote by dvX the
volume form induced by 〈 · | · 〉.
Let ω0 ∈ C∞(X, T ∗X) be the real 1-form of unit length annihilating T 1,0X ⊕ T 0,1X and
satisfying ω0(T ) = −1. The Levi form Lx at a point x ∈ X is the Hermitian quadratic form on
T 1,0x X given by Lx(U, V ) = − 12i〈 dω0(x) , U ∧ V 〉, U, V ∈ T 1,0x X.
Let ( · | · )k = ( · | · ) be the L2 inner product on C∞(X,Lk) induced by hk and dvX . Let
L2(X,Lk) be the completion ofC∞(X,Lk)with respect to ( · | · ). We extend ( · | · ) to L2(X,Lk).
For every m ∈ Z, let L2m(X,Lk) ⊂ L2(X,Lk) be the completion of C∞m (X,Lk) with respect
to ( · | · ). Let
(1.7) Q
(0)
m,k : L
2(X,Lk)→ L2m(X,Lk)
be the orthogonal projection with respect to ( · | · ). We have the Fourier decomposition
L2(X,Lk) =
⊕
m∈Z
L2m(X,L
k).
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We first construct a bounded operator on L2(X,Lk) by putting a weight on the components
of the Fourier decomposition with the help of a cut-off function. Fix δ > 0 and a function
(1.8) τδ ∈ C∞0 ((−δ, δ)), 0 ≤ τδ ≤ 1, τδ = 1 on
[
−δ
2
,
δ
2
]
.
Let Fk,δ : L
2(X,Lk)→ L2(X,Lk) be the bounded operator given by
Fk,δ : L
2(X,Lk)→ L2(X,Lk),
u 7→
∑
m∈Z
τδ
(m
k
)
Q
(0)
m,k(u).
(1.9)
For every λ > 0, we consider the partial Szego˝ projector
(1.10) Πk,≤λ : L
2(X,Lk)→ H0b,≤λ(X,Lk)
which is the orthogonal projection on the space of equivariant CR functions of degree less
than λ. Finally, we consider the weighted Fourier-Szego˝ operator
(1.11) Pk,δ := Fk,δ ◦ Πk,≤kδ ◦ Fk,δ : L2(X,Lk)→H0b,≤kδ(X,Lk).
The Schwartz kernel of Pk,δ with respect to dvX is the smooth function Pk,δ(x, y) ∈ Lkx⊗ (Lky)∗
satisfying (cf. Section 2.2, [23, B.2])
(1.12) (Pk,δu)(x) =
∫
X
Pk,δ(x, y)u(y) dvX(y) , u ∈ L2(X,Lk).
Let fj = f
(k)
j , j = 1, . . . , dk, be an orthonormal basis of H0b,≤kδ(X,Lk). Then
Pk,δ(x, y) =
dk∑
j=1
(Fk,δfj)(x)⊗
(
(Fk,δfj)(y)
)∗
,
Pk,δ(x, x) =
dk∑
j=1
∣∣(Fk,δfj)(x)∣∣2hk ,
(1.13)
(see Lemma 4.1) and these representations are independent of the chosen orthonormal basis.
If should be noticed that the full Szego˝ kernel
∑dk
j=1 |fj(x)|2hk doesn’t admit an asymptotic
expansion in general, hence the necessity of using the cut-off function Fk,δ, see the discussion
after Corollary 1.2. In order to describe the Fourier-Szego˝ kernel Pk,δ(x, y) we will localize
Pk,δ with respect to a local rigid CR frame s of L on an open set D ⊂ X. We define the weight
of the metric h on L with respect to s to be the function Φ ∈ C∞(D) satisfying |s|2h = e−2Φ.
We have an isometry
(1.14) Uk,s : L
2(D)→ L2(D,Lk), u 7−→ uekΦsk,
with inverse U−1k,s : L
2(D,Lk) → L2(D), α 7→ e−kΦs−kα. The localization of Pk,δ with respect
to the trivializing rigid CR section s is given by
(1.15) Pk,δ,s : L
2
comp(D)→ L2(D), Pk,δ,s = U−1k,sPk,δUk,s,
where L2comp(D) is the subspace of elements of L
2(D) with compact support in D. Let
Pk,δ,s(x, y) ∈ C∞(D × D) be the Schwartz kernel of Pk,δ,s with respect to dvX , defined as
in (1.12). The first main result of this work describes the structure of the localized Fourier-
Szego˝ kernel Pk,δ,s(x, y).
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Theorem 1.1. Let X be a compact CR manifold with a transversal CR locally free S1-action and
let L be a positive rigid CR line bundle on X. Consider a point p ∈ X and a canonical coordinate
neighborhood (D, x = (x1, . . . , x2n−1)) centered at p = 0. Let s be a local rigid CR frame of L on
D and set |s|2h = e−2Φ. Fix δ > 0 small enough and D0 ⋐ D. Then
(1.16) Pk,δ,s(x, y) =
∫
R
eikϕ(x,y,t)g(x, y, t, k)dt+O(k−∞) on D0 ×D0,
where ϕ ∈ C∞(D ×D × (−δ, δ)) is a phase function such that for some constant c > 0 we have
dxϕ(x, y, t)|x=y = −2Im ∂bΦ(x) + tω0(x), dyϕ(x, y, t)|x=y = 2Im ∂bΦ(x)− tω0(x),
Imϕ(x, y, t) ≥ c|z − w|2, (x, y, t) ∈ D ×D × (−δ, δ), x = (z, x2n−1), y = (w, y2n−1),
Imϕ(x, y, t) +
∣∣∂ϕ
∂t
(x, y, t)
∣∣2 ≥ c |x− y|2, (x, y, t) ∈ D ×D × (−δ, δ),
ϕ(x, y, t) = 0 and ∂ϕ
∂t
(x, y, t) = 0 if and only if x = y,
(1.17)
and g(x, y, t, k) ∈ Snloc (1;D ×D × (−δ, δ)) ∩ C∞0 (D ×D × (−δ, δ)) is a symbol with expansion
g(x, y, t, k) ∼
∞∑
j=0
gj(x, y, t)k
n−j in Snloc (1;D ×D × (−δ, δ)),(1.18)
and for x ∈ D0 and |t| < δ we have
(1.19) g0(x, x, t) = (2π)
−n ∣∣det(RLx − 2tLx)∣∣ |τδ(t)|2 .
We refer the reader to Section 2.2 for the notations in semi-classical analysis used in
Theorem 1.1. The determinant of a Hermitian quadratic form Rx on T 1,0x X is defined by
detRx = λ1 . . . λn−1 where λ1, . . . , λn−1 are the eigenvalues of Rx with respect to 〈 · | · 〉.
From Theorem 1.1, we deduce the asymptotics of the kernel Pk,δ(x, y) on the diagonal.
Note that Pk,δ(x, x) = Pk,δ,s(x, x).
Corollary 1.2. In the conditions of Theorem 1.1 we have as k →∞,
(1.20) Pk,δ(x, x) ∼
∞∑
j=0
kn−jbj(x) in Snloc(1;X)
where bj(x) ∈ C∞(X), j = 0, 1, 2, . . . , and
(1.21) b0(x) = (2π)
−n
∫
R
∣∣det(RLx − 2tLx)∣∣ |τδ(t)|2 dt,
with τδ(t) ∈ C∞0 (R) introduced in (1.8).
We now give a simple example to show why we need the L2 cut-off function Fk,δ. Let (L, h)
be a positive holomorphic line bundle over a compact complex manifold M of dimension
n − 1. Then X := M × S1 is a Levi-flat CR manifold of dimension 2n − 1 with transversal
CR S1 action eiθ and the pull-back of (L, h) by the projection M × S1 → X is a positive CR
line bundle over X, denoted again (L, h). For k > 0, let g
(k)
1 , . . . , g
(k)
rk be an orthonormal basis
of the space H0(M,Lk) of global holomorphic sections with values in Lk. By the asymptotic
expansion of the Bergman kernel of Lk [8, 32] (see also [23, 24]) we have for x ∈M ,
rk∑
j=1
∣∣g(k)j (x)∣∣2hk ∼ kn−1b0(x) + kn−2b1(x) + . . . , k →∞.
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For each m ∈ Z, {f (k)j,m(x, θ) := 1√2πg(k)j (x)eimθ}rkj=1 is an orthonormal basis of H0b,m(X,Lk).
Hence,
{
f
(k)
j,m(x, θ); m ∈ Z, |m| ≤ kδ
}
is an orthonormal basis of the space H0b,≤kδ(X,L
k),
whose cardinal is denoted by dk. Thus, the Szego˝ kernel of H
0
b,≤kδ(X,L
k) is given by
dk∑
j=1,|m|≤kδ
∣∣f (k)j,m(x)∣∣2hk = 1π [kδ]
rk∑
j=1
∣∣g(k)j (x)∣∣2hk ,
where [kδ] denotes Gauss’ symbol of kδ. The difficulty comes from the fact that the function
δ 7→ [kδ] does not admit an asymptotic expansion in k. To get asymptotic expansion, we
consider
(1.22)
dk∑
j=1,|m|≤kδ
∣∣(Fδ,kf (k)j,m)(x)∣∣2hk = 12π ∑
m∈Z
∣∣∣τδ(m
k
)∣∣∣2 rk∑
j=1
∣∣g(k)j (x)∣∣2hk .
From Fourier analysis, we can check that∑
m∈Z
∣∣∣τδ(m
k
)∣∣∣2 ∼ k ∫
R
|τδ(t)|2 dt+ a0 + a−1k−1 + . . . , k →∞.
We have therefore an asymptotic expansion of (1.22) in k. This is the idea of introducing the
L2 cut-off function Fδ,k.
We define now the Kodaira map. Consider an open set D ⊂ X with
(1.23)
⋃
−π≤θ≤π
eiθD ⊂ D ,
and let s : D → L be a local rigid CR trivializing section on D. For any u ∈ C∞(X,Lk) we
write u(x) = sk(x) ⊗ u˜(x) on D, with u˜ ∈ C∞(D). Let {fj}dkj=1 be an orthonormal basis of
H0b,≤kδ(X,Lk)with respect to ( · | · ) such that fj ∈ H0b,mj (X,Lk) and set gj = Fk,δfj, 1 ≤ j ≤ dk.
The Kodaira map is defined on D by
Φk,δ : D −→ CPdk−1,
x 7−→ [Fk,δf1, . . . , Fk,δfdk] := [g˜1(x), . . . , g˜dk(x)], for x ∈ D.(1.24)
By the proof of [17, Lemma 1.22] there exist an open cover ofX with setsD satisfying (1.23).
Thus we have a well-defined global map
(1.25) Φk,δ : X −→ CPdk−1, x 7−→
[
Fk,δf1, . . . , Fk,δfdk
]
.
Since gj ∈ H0b,mj (X,Lk) we have T g˜j = imj g˜j hence
gj(e
iθx) = sk(eiθx)⊗ g˜j(eiθx) = sk(eiθx)⊗ eimjθg˜j(x).
Thus
Φk,δ(e
iθx) = [g˜1(e
iθx), · · · , g˜dk(eiθx)] = [eim1θg˜1(x), · · · , eimdkθg˜dk(x)]
=
[
eim1θΦ1k,δ(x), . . . , e
imdk θΦdkk,δ(x)
](1.26)
We are thus led to consider weighted diagonal S1-actions on CPN , that is, actions for which
there exists (m1, . . . , mN , mN+1) ∈ NN+10 such that for all θ ∈ [0, 2π),
(1.27) eiθ[z1, . . . , zN+1] =
[
eim1θz1, . . . , e
imN+1θzN+1
]
, [z1, . . . , zN+1] ∈ CPN .
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Theorem 1.3. Let (X, T 1,0X) be a compact CR manifold with a transversal CR locally free S1-
action. Assume there is a rigid positive CR line bundle L over X. Then there exists δ0 > 0 such
that for all δ ∈ (0, δ0) there exists k(δ) so that for k > k(δ) and any orthonormal basis {fj}dkj=1
of H0b,≤kδ(X,Lk) with respect to ( · | · ) such that fj ∈ H0b,mj (X,Lk), the map Φk,δ introduced in
(1.25) is a smooth CR embedding which is S1-equivariant with respect to the weighted diagonal
action defined by (m1, . . . , mdk) ∈ Ndk0 as in (1.27), that is,
Φk,δ(e
iθx) = eiθΦk,δ(x), x ∈ X, θ ∈ [0, 2π).
In particular, the image Φk,δ(X) ⊂ CPdk−1 is a CR submanifold with an induced weighted diag-
onal locally free S1-action.
In [16], it was proved that if X admits a transversal CR locally free S1-action and there
is a rigid positive CR line bundle L over X, then X can be CR embedded into projective
space under the assumption that condition Y (0) holds on X. In Theorem 1.3 we remove the
Levi curvature assumption Y (0) used in [16]. Moreover, the embedding theorems established
in [16] are not S1-equivariant.
As a consequence of Theorem 1.3 we obtain an embedding result for Levi-flat CR manifolds.
Corollary 1.4. Let X be a compact Levi-flat CR manifold. Assume that X admits a transversal
CR locally free S1-action and a positive rigid CR line bundle. Then there exists δ0 > 0 such that
for all δ ∈ (0, δ0) there exists k(δ) so that for k > k(δ) the map Φk,δ introduced in (??) is a C∞
CR embedding ofX in CPdk−1 which is S1-equivariant with respect to weighted diagonal actions.
Ohsawa and Sibony [26, 27] constructed for every κ ∈ N a CR projective embedding of
class Cκ of a Levi-flat CR manifold by using ∂-estimates. The first and third authors [21]
gave a Szego˝ kernel proof of Ohsawa and Sibony’s result. A natural question is whether we
can improve the regularity to κ = ∞. Adachi [1] showed that the answer is no, in general.
The analytic difficulty of this problem comes from the fact that the Kohn Laplacian is not
hypoelliptic on Levi flat manifolds. Corollary 1.4 shows that one can find C∞ CR embeddings
of Levi flat manifolds in the equivariant setting.
When X is strongly pseudoconvex, it is known [28] that there is a rigid positive CR line
bundle over X. We deduce from Theorem 1.3:
Corollary 1.5. Let (X, T 1,0X) be a compact strongly pseudoconvex CR manifold with a transver-
sal CR locally free S1-action. Then there exists smooth CR embeddings Φk,δ of X in CP
dk−1 which
are S1-equivariant with respect to weighted diagonal actions (cf. Theorem 1.3).
We illustrate Corollary 1.3 in Example 4.9.
This paper is organized as follows. In Section 2 we recall the necessary notions and results
from semiclassical analysis and theory of CR manifolds with circle action. In Section 3 we
prove the asymptotics of the Fourier-Szego˝ kernel (Theorem 1.1 and Corollary 1.2). Section
4 deals with the Kodaira embedding theorem.
2. PRELIMINARIES
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 = N ∪
{0}, R is the set of real numbers, R+ := {x ∈ R; x ≥ 0}. For a multiindex α = (α1, . . . , αm) ∈
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Nm0 we set |α| = α1 + . . .+ αm. For x = (x1, . . . , xm) ∈ Rm we write
xα = xα11 . . . x
αm
m , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1
. . . ∂αmxm =
∂|α|
∂xα
,
Dxj =
1
i
∂xj , D
α
x = D
α1
x1
. . .Dαmxm , Dx =
1
i
∂x .
Let z = (z1, . . . , zm), zj = x2j−1 + ix2j , j = 1, . . . , m, be coordinates of Cm, where x =
(x1, . . . , x2m) ∈ R2m are coordinates in R2m. Throughout the paper we also use the notation
w = (w1, . . . , wm) ∈ Cm, wj = y2j−1 + iy2j , j = 1, . . . , m, where y = (y1, . . . , y2m) ∈ R2m. We
write
zα = zα11 . . . z
αm
m , z
α = zα11 . . . z
αm
m ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
.
Let X be a C∞ orientable paracompact manifold. We let TX and T ∗X denote the tangent
bundle of X and the cotangent bundle of X respectively. The complexified tangent bundle
of X and the complexified cotangent bundle of X will be denoted by CTX and CT ∗X re-
spectively. We write 〈 · , · 〉 to denote the pointwise duality between TX and T ∗X. We extend
〈 · , · 〉 bilinearly to CTX × CT ∗X.
Let E be a C∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by Ex. Let F
be another vector bundle over X. We write F ⊠ E∗ to denote the vector bundle over X ×X
with fiber over (x, y) ∈ X ×X consisting of the linear maps from Ex to Fy.
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D ′(Y,E) respectively. Let E ′(Y,E) be
the subspace of D ′(Y,E) whose elements have compact support in Y . For m ∈ R, we let
Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . Put
Hmloc (Y,E) =
{
u ∈ D ′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E ′(Y,E) .
2.2. Definitions and notations from semi-classical analysis. We recall the Schwartz kernel
theorem [14, Theorems 5.2.1, 5.2.6], [31, p. 296], [23, B.2]. Let E and F be smooth vector
bundles over X. Let Y be an open set of X. Let A(·, ·) ∈ D ′(Y × Y, F ⊠ E∗). For any fixed
u ∈ C∞0 (Y,E), the linear map C∞0 (Y, F ∗) ∋ v 7→ (A(·, ·), v ⊗ u) ∈ C defines a distribution
Au ∈ D ′(Y, F ). The operator A : C∞0 (Y,E)→ D ′(Y, F ), u 7→ Au, is linear and continuous.
The Schwartz kernel theorem asserts that, conversely, for any continuous linear operator
A : C∞0 (Y,E) → D ′(Y, F ) there exists a unique distribution A(·, ·) ∈ D ′(Y × Y, F ⊠ E∗) such
that (Au, v) = (A(·, ·), v ⊗ u) for any u ∈ C∞0 (Y,E), v ∈ C∞0 (Y, F ∗). The distribution A(·, ·)
is called the Schwartz distribution kernel of A. We say that A is properly supported if the
canonical projections on the two factors restricted to SuppA(·, ·) ⊂ Y × Y are proper.
The following two statements are equivalent:
(a) A can be extended to a continuous operator A : E ′(Y,E)→ C∞(Y, F ),
(b) A(·, ·) ∈ C∞(Y × Y, F ⊠E∗).
If A satisfies (a) or (b), we say that A is a smoothing operator. Furthermore, A is smoothing
if and only if for all N ≥ 0 and s ∈ R, A : Hscomp (Y,E)→ Hs+Nloc (Y, F ) is continuous.
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Let A be a smoothing operator. Then for any volume form dµ, the Schwartz kernel of A
is represented by a smooth kernel K ∈ C∞(Y × Y, F ⊠ E∗), called the Schwartz kernel of A
with respect to dµ, such that
(Au)(x) =
∫
M
K(x, y)u(y) dµ(y) , for any u ∈ C∞0 (Y,E) .(2.1)
Then A can be extended as a linear continuous operator A : E ′(Y,E)→ C∞(Y, F ) by setting
(Au)(x) =
(
u(·), K(x, ·)), x ∈ Y , for any u ∈ E ′(Y,E).
LetW1,W2 be open sets in R
N and let E and F be complex Hermitian vector bundles over
W1 and W2 respectively. Let s, s
′ ∈ R and n0 ∈ R. For a k-dependent continuous function
Fk : H
s
comp (W1, E)→ Hs′loc (W2, F ) we write
Fk = O(k
n0) : Hscomp (W1, E)→ Hs
′
loc (W2, F ),
if for any χ0 ∈ C∞(W2), χ1 ∈ C∞0 (W1), there is a positive constant c > 0 independent of k,
such that
(2.2) ‖(χ0Fkχ1)u‖s′ ≤ ckn0 ‖u‖s , ∀u ∈ Hsloc (W1, E),
where ‖·‖s denotes the usual Sobolev norm of order s. We write
Fk = O(k
−∞) : Hscomp (W1, E)→ Hs
′
loc (W2, F ),
if Fk = O(k
−N) : Hscomp (W1, E)→ Hs′loc (W2, F ), for every N > 0.
A k-dependent continuous operator Ak : C
∞
0 (W1, E)→ D ′(W2, F ) is called k-negligible on
W2 ×W1 if for k large enough Ak is smoothing and for any K ⋐ W2 ×W1, any multi-indices
α, β and any N ∈ N there exists CK,α,β,N > 0 such that
(2.3)
∣∣∂αx∂βyAk(x, y)∣∣ ≤ CK,α,β,Nk−N on K.
We write in this case
Ak(x, y) = O(k
−∞) onW2 ×W1,
or
Ak = O(k
−∞) onW2 ×W1.
If Ak, Bk : C
∞
0 (W1, E) → D ′(W2, F ) are k-dependent continuous operators, we write Ak =
Bk +O(k
−∞) if Ak − Bk = O(k−∞) onW2 ×W1.
Let Ak : L
2(X,Lk)→ L2(X,Lk) be a continuous operator. Let s, s1 be local rigid CR frames
of L on open sets D0 ⋐ M , D1 ⋐ M respectively, |s|2h = e−2Φ, |s1|2h = e−2Φ1 . The localization
of Ak (with respect to the trivializing rigid CR sections s and s1) is given by
Ak,s,s1 : L
2(D1) ∩ E ′(D1)→ L2(D), u 7−→ e−kΦs−kAk(sk1ekΦ1u) = U−1k,sAkUk,s1,(2.4)
and let Ak,s,s1(x, y) ∈ D ′(D × D1) be the distribution kernel of Ak,s,s1. Let σ, σ′, n0 ∈ R. We
write
Ak = O(k
n0) : Hσ(X,Lk)→ Hσ′(X,Lk),
if for all local rigid CR frames s, s1 on D and D1 respectively, we have
Ak,s,s1 = O(k
n0) : Hσcomp (D1)→ Hσ
′
loc (D).
We write
Ak = O(k
−∞) : Hσ(X,Lk)→ Hσ′(X,Lk),
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if for all local rigid CR frames s, s1 on D and D1 respectively, we have
Ak,s,s1 = O(k
−∞) : Hσcomp (D1)→ Hσ
′
loc (D).
We write
Ak = O(k
−∞)
if for all local rigid CR frames s, s1 on D and D1 respectively, we have
Ak,s,s1(x, y) = O(k
−∞) on D ×D1.
When s = s1, D = D1, we write Ak,s := Ak,s,s, Ak,s(x, y) := Ak,s,s(x, y).
We recall the definition of the semi-classical symbol spaces [10, Chapter 8]:
Definition 2.1. Let W be an open set in RN . Let
S(1;W ) :=
{
a ∈ C∞(W ) | ∀α ∈ NN0 : sup
x∈W
|∂αa(x)| <∞
}
,
S0loc (1;W ) :=
{
(a(·, k))k∈R | ∀α ∈ NN0 , ∀χ ∈ C∞0 (W ) : sup
k∈R,k≥1
sup
x∈W
|∂α(χa(x, k))| <∞
}
.
For m ∈ R let
Smloc(1) := S
m
loc(1;W ) =
{
(a(·, k))k∈R | (k−ma(·, k)) ∈ S0loc (1;W )
}
.
Hence a(·, k) ∈ Smloc(1;W ) if for every α ∈ NN0 and χ ∈ C∞0 (W ), there exists Cα > 0 indepen-
dent of k, such that |∂α(χa(·, k))| ≤ Cαkm onW .
Consider a sequence aj ∈ Smjloc (1), j ∈ N0, where mj ց −∞, and let a ∈ Sm0loc (1). We say
that
a(·, k) ∼
∞∑
j=0
aj(·, k) in Sm0loc (1),
if for every ℓ ∈ N0 we have a −
∑ℓ
j=0 aj ∈ Smℓ+1loc (1). For a given sequence aj as above, we
can always find such an asymptotic sum a, which is unique up to an element in S−∞loc (1) =
S−∞loc (1;W ) := ∩mSmloc (1).
We say that a(·, k) ∈ Smloc (1) is a classical symbol onW of order m if
(2.5) a(·, k) ∼
∞∑
j=0
km−jaj in Smloc (1), aj(x) ∈ S0loc (1), j = 0, 1 . . . .
The set of all classical symbols onW of order m is denoted by Smloc ,cl (1) = S
m
loc ,cl (1;W ).
Definition 2.2. Let W be an open set in RN . A semi-classical pseudodifferential operator on
W of order m with classical symbol is a k-dependent continuous operator Ak : C
∞
0 (W ) →
C∞(W ) such that the distribution kernel Ak(x, y) is given by the oscillatory integral
Ak(x, y) =
kN
(2π)N
∫
eik〈x−y,η〉a(x, y, η, k)dη +O(k−∞),
a(x, y, η, k) ∈ Smloc ,cl (1;W ×W × RN).
(2.6)
We shall identify Ak with Ak(x, y). It is clear that Ak has a unique continuous extension
Ak : E
′(W )→ D ′(W ). We have
(2.7) Ak(x, y) =
kN
(2π)N
∫
eik〈x−y,η〉α(x, η, k)dη +O(k−∞)
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with symbol
(2.8) α(x, η, k) ∈ Smloc ,cl (1;W × RN) = Smloc ,cl (1;T ∗W ).
2.3. CR manifolds with circle action. Let (X, T 1,0X) be a compact CR manifold of dimen-
sion 2n − 1, n ≥ 2, where T 1,0X is a CR structure of X. That is T 1,0X is a subbundle of
rank n − 1 of the complexified tangent bundle CTX, satisfying T 1,0X ∩ T 0,1X = {0}, where
T 0,1X = T 1,0X, and [V,V] ⊂ V, where V = C∞(X, T 1,0X). We assume that X admits a
S1-action: S1 × X → X. We write eiθ to denote the S1-action. Let T ∈ C∞(X, TX) be the
global real vector field induced by the S1-action given by
(2.9) (Tu)(x) =
∂
∂θ
(
u(eiθx)
) |θ=0, u ∈ C∞(X).
Definition 2.3. We say that the S1-action eiθ is CR if [T, C∞(X, T 1,0X)] ⊂ C∞(X, T 1,0X) and
the S1-action is transversal if for each x ∈ X, CT (x) ⊕ T 1,0x (X)⊕ T 0,1x X = CTxX. Moreover,
we say that the S1-action is locally free if T 6= 0 everywhere.
Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X respectively. Define the
vector bundle of (0, q) forms by T ∗0,qX = Λq(T ∗0,1X). Let D ⊂ X be an open subset. Let
Ω0,q(D) denote the space of smooth sections of T ∗0,qX overD and let Ω0,q0 (D) be the subspace
of Ω0,q(D) whose elements have compact support in D. Similarly, if E is a vector bundle over
D, then we let Ω0,q(D,E) denote the space of smooth sections of T ∗0,qX ⊗ E over D and let
Ω0,q0 (D,E) be the subspace of Ω
0,q(D,E) whose elements have compact support in D.
Fix θ0 ∈]− π, π[, θ0 small. Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X. Since the S1-action is CR, we can check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(2.10)
Let (eiθ0)∗ : Λr(CT ∗X) → Λr(CT ∗X) be the pull-back map of eiθ0 , r = 0, 1, . . . , 2n − 1. From
(2.10), it is easy to see that for every q = 0, 1, . . . , n,
(2.11) (eiθ0)∗ : T ∗0,q
eiθ0x
X → T ∗0,qx X.
Let u ∈ Ω0,q(X). Define
(2.12) Tu :=
∂
∂θ
(
(eiθ)∗u
)|θ=0 ∈ Ω0,q(X).
(See also (2.18).) For every θ ∈ [0, 2π) and every u ∈ C∞(X,Λr(CT ∗X)), we write u(eiθx) :=
(eiθ)∗u(x). It is clear that for every u ∈ C∞(X,Λr(CT ∗X)), we have
(2.13) u(x) =
∑
m∈Z
1
2π
∫ π
−π
u(eiθx)e−imθdθ.
Let ∂b : Ω
0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. Since the S1-
action is CR, it is straightforward to see that (see also (2.19))
T∂b = ∂bT on Ω
0,q(X).
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Definition 2.4. Let D ⊂ U be an open set. We say that a function u ∈ C∞(D) is rigid if
Tu = 0. We say that a function u ∈ C∞(X) is Cauchy-Riemann (CR for short) if ∂bu = 0. We
say that u ∈ C∞(X) is rigid CR if ∂bu = 0 and Tu = 0.
Definition 2.5. Let F be a complex vector bundle over X. We say that F is rigid (resp. CR,
resp. rigid CR) if there exists an open cover (Uj)j ofX and trivializing frames
{
f 1j , f
2
j , . . . , f
r
j
}
on Uj , such that the corresponding transition matrices are rigid (resp. CR, resp. rigid CR).
The frames
{
f 1j , f
2
j , . . . , f
r
j
}
are called rigid (resp. CR, resp. rigid CR) frames.
If F is a rigid vector bundle, we can define the operator T on Ω0,q(X,F ). Indeed, every
u ∈ Ω0,q(X,F ) can be written on Uj as u =
∑
uℓ ⊗ f ℓj and we set Tu =
∑
Tuℓ ⊗ f ℓj . Then Tu
is well defined as element of Ω0,q(X,F ), since the entries of the transition matrices between
different frames
{
f 1j , f
2
j , . . . , f
r
j
}
are annihilated by T .
Example 2.6. Let X be a compact CR manifold with a locally free transversal CR S1 action.
Let {Zj}j be a trivializing frame of T 1,0X defined in (1.2) in the BRT trivialization. It is easy
to check that the transition functions of such frames are rigid CR and thus T 1,0X is a rigid
CR vector bundle. Moreover, det T 1,0X the determinant bundle of T 1,0X is a rigid CR line
bundle.
Example 2.7. Let (L, h)
π→ M be a Hermitian line bundle over a complex manifold M . Con-
sider the circle bundle X = {v ∈ L : h(v) = 1} over M . Then X is a compact CR manifold
with a globally free transversal CR S1 action. Let E be a holomorphic vector bundle over M .
Then the restriction of the pull back π∗E|X on X is a rigid CR vector bundle over X.
From now on, let L be a rigid CR line bundle over X. We fix an open covering (Uj)j and
a family (sj)j of rigid CR frames sj on Uj . Let L
k be the k-th tensor power of L. Then (s⊗kj )j
are rigid CR frames for Lk.
The tangential Cauchy-Riemann operator ∂b : Ω
0,q(X,Lk) → Ω0,q+1(X,Lk) is well defined.
Since Lk is rigid, we can also define Tu for every u ∈ Ω0,q(X,Lk) and we have
(2.14) T∂b = ∂bT on Ω
0,q(X,Lk).
For every m ∈ Z, let
(2.15) Ω0,qm (X,L
k) :=
{
u ∈ Ω0,q(X,Lk); Tu = imu} .
For q = 0, we write C∞m (X,L
k) := Ω0,0m (X,L
k).
Let h be a Hermitian metric on L. The local weight of h with respect to a local rigid CR
frame s of L over an open subset D ⊂ X is the function Φ ∈ C∞(D,R) for which
(2.16) |s(x)|2hL = e−2Φ(x), x ∈ D.
We denote by Φj the weight of h with respect to sj.
Definition 2.8. Let L be a rigid CR line bundle and let h be a Hermitian metric on L. The
curvature of (L, h) is the the Hermitian quadratic form RL = R(L,h) on T 1,0X defined by
(2.17) RLp (U, V ) =
〈
d(∂bΦj − ∂bΦj)(p), U ∧ V
〉
, U, V ∈ T 1,0p X, p ∈ Uj.
Due to [18, Proposition 4.2], RL is a well-defined global Hermitian form, since the transi-
tion functions between different frames sj are annihilated by T .
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Definition 2.9. We say that (L, h) is positive if the associated curvature RLx is positive definite
at every x ∈ X.
Definition 2.10. Let L be a rigid line bundle. A Hermitian metric h on L is said to be rigid if
for every j we have TΦj = 0 on Uj .
The definition does not depend on the choice of covering and rigid frames. The following
is well-known (see Lemma 1.20 in [17]).
Lemma 2.11. Let L be a rigid CR line bundle. Then there is a rigid Hermitian fiber metric on
L. Moreover, for any Hermitian metric h˜ on L, there is a rigid Hermitian metric h of L such that
R(L,h˜) = R(L,h) on X.
From now on, we assume that (L, h) is positive. In view of Lemma 2.11 we can and will
assume without loss of generality that h is rigid. There is also a notion of rigid Hermitian
metric for vector bundles of arbitrary rank, which we recall now.
Definition 2.12. Let F be a rigid vector bundle over X. Let 〈 · | · 〉F be a Hermitian metric on
F . We say that 〈 · | · 〉F is a rigid Hermitian metric if for every local rigid frame f1, . . . , fr of F ,
we have T 〈 fj | fk 〉F = 0, for every j, k = 1, 2, . . . , r.
For the following result we refer to [9, Theorem 2.10].
Theorem 2.13. On every rigid vector bundle F over X there is a rigid Hermitian metric 〈 · | · 〉F .
Baouendi-Rothschild-Treves [3] proved that T 1,0X is a rigid complex vector bundle overX.
By Theorem 2.13, there is a rigid Hermitian metic on T 1,0X. From now on, we take a rigid
Hermitian metric 〈 · | · 〉 on CTX such that T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X), 〈 T | T 〉 = 1.
The Hermitian metric 〈 · | · 〉 on CTX induces by duality a Hermitian metric on CT ∗X and
also on the bundles of (0, q) forms T ∗0,qX, q = 0, 1 · · · , n − 1. We shall also denote all these
induced metrics by 〈 · | · 〉. For every v ∈ T ∗0,qX, we write |v|2 := 〈 v | v〉.
The Hermitian metrics on T ∗0,qX and L induce Hermitian metrics on T ∗0,qX ⊗ Lk, q =
0, 1, . . . , n. We shall also denote these induced metrics by 〈 · | · 〉hk. For f ∈ Ω0,q(X,Lk), we
denote the pointwise norm |f(x)|2hk := 〈 f(x) | f(x)〉hk. Let dvX = dvX(x) the volume form on
X induced by the fixed Hermitian metric 〈 · | · 〉 on CTX. Then we get natural global L2 inner
products ( · | · ) on Ω0,q(X,Lk) and Ω0,q(X) respectively. We denote by L2(X, T ∗0,qX ⊗Lk) and
L2(X, T ∗0,qX) the completions of Ω0,q(X,Lk) and Ω0,q(X) with respect to ( · | · ).
Similarly, for each m ∈ Z, we denote by L2m(X, T ∗0,qX ⊗ Lk) and L2m(X, T ∗0,qX) the com-
pletions of Ω0,qm (X,L
k) and Ω0,qm (X) with respect to ( · | · ). We extend ( · | · ) and ( · | · ) to
L2(X, T ∗0,qX⊗Lk) and L2(X, T ∗0,qX) in the standard way. For f ∈ Ω0,q(X,Lk) or f ∈ Ω0,q(X),
we denote ‖f‖2 := ( f | f ).
2.4. Expression of T and ∂b in BRT trivializations. In a BRT trivialization (D, (z, θ), φ), we
have a useful formula for the operator T on Ω0,q(X) defined by (2.12). It is clear that
{dzj1 ∧ . . . ∧ dzjq , 1 ≤ j1 < . . . < jq ≤ n− 1}
is a rigid frame of T ∗0,qX on D so for u ∈ Ω0,q(X) we write
u =
∑
j1<...<jq
uj1...jqdzj1 ∧ . . . ∧ dzjq on D.
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Then we can check that
(2.18) Tu =
∑
j1<...<jq
(Tuj1...jq)dzj1 ∧ . . . ∧ dzjq on D.
Note that on BRT trivialization (D, (z, θ), φ), we have
(2.19) ∂b =
n−1∑
j=1
dzj ∧
( ∂
∂zj
+ i
∂φ
∂zj
(z)
∂
∂θ
)
.
3. SZEGO˝ KERNEL ASYMPTOTICS
In this section, we will prove Theorem 1.1. We first introduce some notations. Let
∂
∗
b : Ω
0,q+1(X,Lk)→ Ω0,q(X,Lk)
be the formal adjoint of ∂b with respect to ( · | · ). Since 〈 · | · 〉 and h are rigid, we can check
that
T∂
∗
b = ∂
∗
bT on Ω
0,q(X,Lk), q = 1, 2, . . . , n− 1,
∂
∗
b : Ω
0,q+1
m (X,L
k)→ Ω0,qm (X,Lk), ∀m ∈ Z.
(3.1)
Put
(3.2) 
(q)
b,k := ∂b∂
∗
b + ∂
∗
b∂b : Ω
0,q(X,Lk)→ Ω0,q(X,Lk).
From (2.14) and (3.1), we have
T
(q)
b,k = 
(q)
b,kT on Ω
0,q(X,Lk), q = 0, 1, . . . , n− 1,

(q)
b,k : Ω
0,q
m (X,L
k)→ Ω0,qm (X,Lk), ∀m ∈ Z.
(3.3)
Let Πk : L
2(X)→ Ker(0)b,k be the orthogonal projection (the Szego˝ projector).
Definition 3.1. Let Ak : L
2(X,Lk)→ L2(X,Lk) be a continuous operator. Let D ⋐ X. We say
that 
(0)
b,k has O(k
−n0) small spectral gap on D with respect to Ak if for every D′ ⋐ D, there
exist constants CD′ > 0, n0, p ∈ N, k0 ∈ N, such that for all k ≥ k0 and u ∈ C∞0 (D′, Lk), we
have
‖Ak(I −Πk)u‖ ≤ CD′ kn0
√
( (
(0)
b,k)
pu | u ) .
Fix λ > 0 and let Πk,≤λ be as in (1.10).
Definition 3.2. Let Ak : L
2(X,Lk) → L2(X,Lk) be a continuous operator. We say that Πk,≤λ
is k-negligible away the diagonal with respect to Ak on D ⋐ X if for any χ, χ1 ∈ C∞0 (D) with
χ1 = 1 on some neighborhood of Suppχ, we have(
χAk(1− χ1)
)
Πk,≤λ
(
χAk(1− χ1)
)∗
= O(k−∞) on D,
where
(
χAk(1 − χ1)
)∗
: L2(X,Lk) → L2(X,Lk) is the Hilbert space adjoint of χAk(1 − χ1)
with respect to ( · | · ).
Fix δ > 0 and let Fk,δ be as in (1.9).
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Theorem 3.3 ([16, Theorem 1.13]). With the notations and assumptions used above, let s be
a local rigid CR frame of L on a canonical coordinate patch D ⋐ X with canonical coordinates
x = (z, θ) = (x1, . . . , x2n−1), |s|2h = e−2Φ. Let δ > 0 be a small constant so that RLx − 2sLx is
positive definite, for every x ∈ X and |s| ≤ δ. Let Fk,δ be as in (1.9) and let Fk,δ,s be the localized
operator of Fk,δ given by (2.4). Assume that:
(I) 
(0)
b,k has O(k
−n0) small spectral gap on D with respect to Fk,δ.
(II) Πk,≤δk is k-negligible away the diagonal with respect to Fk,δ on D.
(III) Fk,δ,s − Bk = O(k−∞) : Hscomp (D)→ Hsloc (D), ∀s ∈ N0, where
Bk =
k2n−1
(2π)2n−1
∫
eik〈x−y,η〉α(x, η, k)dη +O(k−∞)
is a classical semi-classical pseudodifferential operator on D of order 0 with
α(x, η, k) ∼∑∞j=0 αj(x, η)k−j in S0loc (1;T ∗D),
αj(x, η) ∈ C∞(T ∗D), j = 0, 1, . . . ,
and for every (x, η) ∈ T ∗D, α(x, η, k) = 0 if ∣∣〈 η |ω0(x) 〉∣∣ > δ. Fix D0 ⋐ D. Then
(3.4) Pk,δ,s(x, y) =
∫
eikϕ(x,y,t)g(x, y, t, k)dt+O(k−∞) on D0 ×D0,
where ϕ(x, y, t) ∈ C∞(D ×D × (−δ, δ)) is as in (1.17) and
g(x, y, t, k) ∈ Snloc (1;D ×D × (−δ, δ)) ∩ C∞0 (D ×D × (−δ, δ)),
g(x, y, t, k) ∼
∞∑
j=0
gj(x, y, t)k
n−j in Snloc (1;D ×D × (−δ, δ))
is as in (1.18), where Pk,δ,s is given by (1.15).
In view of Theorem 3.3, we see that to prove Theorem 1.1, we only need to prove that (I) ,
(II) and (III) in Theorem 3.3 hold if δ > 0 is small enough. Until further notice, we fix δ > 0
small enough so that RLx −2sLx is positive definite for every x ∈ X and |s| ≤ δ. We first prove
(I) in Theorem 3.3 holds.
3.1. Small spectral gap of the Kohn Laplacian. For m ∈ Z, let
(3.5) Q
(q)
m,k : L
2(X, T ∗0,qX ⊗ Lk)→ L2m(X, T ∗0,qX ⊗ Lk)
be the orthogonal projection with respect to ( · | · ). Let τδ ∈ C∞0 ((−δ, δ)) be as in (1.7). Similar
to (1.9), let F
(q)
k,δ be the continuous operator given by
(3.6) F
(q)
k,δ : L
2(X, T ∗0,qX ⊗ Lk)→ L2(X, T ∗0,qX ⊗ Lk), u 7−→
∑
m∈Z
τδ
(m
k
)
Q
(q)
m,ku .
Note that Fk,δ = F
(0)
k,δ . It is not difficult to see that for every m ∈ Z, we have∥∥∥TQ(q)m,ku∥∥∥ = |m| ∥∥∥Q(q)m,ku∥∥∥ , ∀u ∈ L2(X, T ∗0,qX ⊗ Lk),∥∥∥TF (q)k,δu∥∥∥ ≤ kδ ∥∥∥F (q)k,δu∥∥∥ , ∀u ∈ L2(X, T ∗0,qX ⊗ Lk),(3.7)
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and
Q
(q)
m,k : Ω
0,q(X,Lk)→ Ω0,qm (X,Lk),
F
(q)
k,δ : Ω
0,q(X,Lk)→
⊕
m∈Z∩[−kδ,kδ]
Ω0,qm (X,L
k).(3.8)
Since the Hermitian metrics 〈 · | · 〉 and hk are all rigid, it follows as in [15, Section 5]:

(q)
b,kQ
(q)
m,k = Q
(q)
m,k
(q)
b,k on Ω
0,q(X,Lk), ∀m ∈ Z,

(q)
b,kF
(q)
k,δ = F
(q)
k,δ
(q)
b,k on Ω
0,q(X,Lk),
∂bQ
(q)
m,k = Q
(q+1)
m,k ∂b on Ω
0,q(X,Lk), ∀m ∈ Z, q = 0, 1, . . . , n− 2,
∂bF
(q)
k,δ = F
(q+1)
k,δ ∂b on Ω
0,q(X,Lk), q = 0, 1, . . . , n− 2,
∂
∗
bQ
(q)
m,k = Q
(q−1)
m,k ∂
∗
b on Ω
0,q(X,Lk), ∀m ∈ Z, q = 1, . . . , n− 1,
∂
∗
bF
(q)
k,δ = F
(q−1)
k,δ ∂
∗
b on Ω
0,q(X,Lk), q = 1, . . . , n− 1.
(3.9)
By elementary Fourier analysis, it is straightforward to see that for every u ∈ Ω0,q(X,Lk),
lim
N→∞
N∑
m=−N
Q
(q)
m,ku→ u in C∞ Topology,
N∑
m=−N
∥∥∥Q(q)m,ku∥∥∥2 ≤ ‖u‖2 , ∀N ∈ N0.(3.10)
Thus, for every u ∈ L2(X, T ∗0,qX ⊗ Lk),
lim
N→∞
N∑
m=−N
Q
(q)
m,ku→ u in L2(X, T ∗0,qX ⊗ Lk),
N∑
m=−N
∥∥∥Q(q)m,ku∥∥∥2 ≤ ‖u‖2 , ∀N ∈ N0.(3.11)
We will use the following result.
Theorem 3.4 ([16, Theorem 9.4]). With the assumptions and notations above, let q ≥ 1. If
δ > 0 is small enough, then for every u ∈ Ω0,q(X,Lk), we have
(3.12)
∥∥(q)b,kF (q)k,δ u∥∥2 ≥ c1k2∥∥F (q)k,δ u∥∥2,
where c1 > 0 is a constant independent of k and u.
Now, we assume that δ > 0 is small enough so that (3.12) holds. For q = 0, 1, . . . , n−1, put
Ω0,q≤kδ(X,L
k) :=
⊕
m∈Z
|m|≤kδ
Ω0,qm (X,L
k),
L2≤kδ(X, T
∗0,qX ⊗ Lk) :=
⊕
m∈Z
|m|≤kδ
L2m(X, T
∗0,qX ⊗ Lk).
(3.13)
We write C∞≤kδ(X,L
k) := Ω0,0≤kδ(X,L
k), L2≤kδ(X,L
k) := L2≤kδ(X, T
∗0,0X ⊗ Lk). It is clear that

(q)
b,k : Ω
0,q
≤kδ(X, T
∗0,qX ⊗ Lk)→ Ω0,q≤kδ(X, T ∗0,qX ⊗ Lk).
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We will write 
(q)
b,≤kδ to denote the restriction of 
(q)
b,k on the space Ω
0,q
≤kδ(X,L
k). We extend

(q)
b,≤kδ to L
2
≤kδ(X, T
∗0,qX ⊗ Lk) by
(3.14) 
(q)
b,≤kδ : Dom
(q)
b,≤kδ ⊂ L2≤kδ(X, T ∗0,qX ⊗ Lk)→ L2≤kδ(X, T ∗0,qX ⊗ Lk) ,
with Dom
(q)
b,≤kδ := {u ∈ L2≤kδ(X, T ∗0,qX ⊗ Lk); (q)b,≤kδu ∈ L2≤kδ(X, T ∗0,qX ⊗ Lk)}, where for
any u ∈ L2≤kδ(X, T ∗0,qX ⊗ Lk), (q)b,≤kδu is defined in the sense of distributions.
Lemma 3.5. We have Dom
(q)
b,≤kδ = L
2
≤kδ(X, T
∗0,qX ⊗ Lk)⋂H2(X, T ∗0,qX ⊗ Lk).
Proof. It is clearly that L2≤kδ(X, T
∗0,qX⊗Lk)⋂H2(X, T ∗0,qX⊗Lk) ⊂ Dom(q)b,≤kδ. We only need
to prove that Dom
(q)
b,≤kδ ⊂ L2≤kδ(X, T ∗0,qX ⊗ Lk)
⋂
H2(X, T ∗0,qX ⊗ Lk). Let u ∈ Dom(q)b,≤kδ.
Put v = 
(q)
b,≤kδu ∈ L2≤kδ(X, T ∗0,qX⊗Lk). We have ((q)b,≤kδ−T 2)u = v−T 2u ∈ L2(X, T ∗0,qX⊗Lk)
since ‖T 2u‖ ≤ k2δ2 ‖u‖. Since ((q)b,≤kδ − T 2) is elliptic, we have u ∈ H2(X, T ∗0,qX ⊗ Lk). The
lemma follows. 
Theorem 3.6. The operator 
(q)
b,≤kδ defined in (3.14) is self-adjoint.
Proof. Let (
(q)
b,≤kδ)
∗ : Dom ((q)b,≤kδ)
∗ ⊂ L2≤kδ(X, T ∗0,qX ⊗ Lk) → L2≤kδ(X, T ∗0,qX ⊗ Lk) be the
Hilbert space adjoint of 
(q)
b,≤kδ. Let v ∈ Dom ((q)b,≤kδ)∗. Then, by definition of the Hilbert
space adjoint of 
(q)
b,≤kδ, it is easy to see that 
(q)
b,≤kδv ∈ L2≤kδ(X, T ∗0,qX ⊗ Lk) and hence v ∈
Dom
(q)
b,≤kδ and 
(q)
b,≤kδv = (
(q)
b,≤kδ)
∗v.
From Lemma 3.5, we can check that
(3.15)
(

(q)
b,≤kδg | f
)
=
(
g |(q)b,≤kδf
)
, ∀g, f ∈ Dom(q)b,≤kδ.
From (3.15), we deduce that Dom
(q)
b,≤kδ ⊂ Dom((q)b,≤kδ)∗ and (q)b,≤kδu = ((q)b,≤kδ)∗u, for all
u ∈ Dom(q)b,≤kδ. The theorem follows. 
Let Spec
(q)
b,≤kδ ⊂ [0,∞[ denote the spectrum of (q)b,≤kδ. For any λ > 0, put
Π
(q)
k,≤kδ,≤λ := E
(q)
≤kδ([0, λ]),
Π
(q)
k,≤kδ,>λ := E
(q)
≤kδ(]λ,∞[),
whereE
(q)
≤kδ denotes the spectral measure for
(q)
b,≤kδ. We writeΠk,≤kδ,≤λ := Π
(0)
k,≤kδ,≤λ, Πk,≤kδ,>λ :=
Π
(0)
k,≤kδ,>λ.
Theorem 3.7. Spec
(q)
b,≤kδ is a discrete subset of [0,∞[ , for any ν ∈ Spec(q)b,≤kδ, ν is an eigen-
value of 
(q)
b,≤kδ and the eigenspace
E q≤kδ,ν(X,Lk) :=
{
u ∈ Dom(q)b,≤kδ; (q)b,≤kδu = νu
}
is finite dimensional with E q≤kδ,ν(X,Lk) ⊂ Ω0,q≤kδ(X,Lk).
Proof. Fix λ > 0. We claim that Spec
(q)
b,≤kδ
⋂
[0, λ] is discrete. If not, we can find an or-
thonormal system {fj ∈ RangeE(q)≤kδ([0, λ]); j ∈ N}, i. e. ( fj | fℓ ) = δj,ℓ for all j, ℓ ∈ N. Note
that
(3.16)
∥∥(q)b,≤kδfj∥∥ ≤ λ∥∥fj∥∥, j = 1, 2, . . . .
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From (3.16), we have
(3.17)
∥∥((q)b,≤kδ − T 2)fj∥∥ ≤ (λ+ k2δ2)∥∥fj∥∥, j = 1, 2, . . . .
Since 
(q)
b,≤kδ − T 2 is a second order elliptic operator, there is a constant Cδ > 0 independent
of j such that
(3.18) ‖fj‖2 ≤ Cδ, j = 1, 2, . . . ,
where ‖·‖2 denotes the usual Sobolev norm of order 2. From (3.18), we can apply Rellich’s
theorem and find subsequence {fjs}∞s=1, such that fjs → f in L2≤kδ(X, T ∗0,qX ⊗ Lk). This is a
contradiction to the fact that {fj; j ∈ N} is orthonormal. Thus, Spec(q)b,≤kδ
⋂
[0, λ] is discrete
and therefore Spec
(q)
b,≤kδ is a discrete subset of [0,∞[.
Let r ∈ Spec(q)b,≤kδ. Since Spec(q)b,≤kδ is discrete, (q)b,≤kδ−r has L2 closed range. If (q)b,≤kδ−r
is injective, then Range (
(q)
b,≤kδ − r) = L2≤kδ(X, T ∗0,qX ⊗ Lk) and
(
(q)
b,≤kδ − r)−1 : L2≤kδ(X, T ∗0,qX ⊗ Lk)→ L2≤kδ(X, T ∗0,qX ⊗ Lk)
is continuous. We get a contradiction. Hence r is an eigenvalue of 
(q)
b,≤kδ.
For any ν ∈ Spec(q)b,≤kδ, put
E q≤kδ,ν(X,Lk) :=
{
u ∈ Dom(q)b,≤kδ; (q)b,≤kδu = νu
}
.
We can repeat the argument before and conclude that E q≤kδ,ν(X,E) is finite dimensional. Let
u ∈ E q≤kδ,ν(X,Lk). Then, (q)b,≤kδu = νu. For m ∈ Z, put um := Q(q)m,ku ∈ L2m(X, T ∗0,qX ⊗ Lk).
We have u =
∑
m∈Z,|m|≤kδ um. We can check that

(q)
b,kum = νum, ∀m ∈ Z.
Hence
(3.19) (
(q)
b,k − T 2)um = (ν +m2)um, ∀m ∈ Z.
From (3.19), we can apply some standard argument in partial differential operator and de-
duce that um ∈ Ω0,qm (X,Lk). Thus, u ∈ Ω0,q≤kδ(X,Lk) and hence E q≤kδ,ν(X,Lk) ⊂ Ω0,q≤kδ(X,Lk).
The theorem follows. 
For every µ ∈ Spec(0)b,≤kδ, let
Πk,≤kδ,µ : L2(X,Lk)→ E0≤kδ,µ(X,Lk)
be the orthogonal projection. For µ = 0, it is clearly that Πk,≤kδ,0 = Πk,≤kδ, where Πk,≤kδ is
given by (1.10). We have
Theorem 3.8. With the assumptions and notations above, if ǫ0 > 0 is small enough, then for
every u ∈ C∞(X,Lk), we have
(3.20) Fk,δΠk,≤kδ,µu = 0, ∀µ ∈ Spec(0)b,≤kδ, 0 < µ ≤ kǫ0,
and
(3.21)
∥∥Fk,δ(I − Πk,≤kδ)u∥∥ ≤ 1
kǫ0
∥∥(0)b,ku∥∥.
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Proof. Let ǫ0 > 0 be a small constant. For u ∈ L2≤kδ(X,Lk), we have
(3.22) (I − Πk,≤kδ)u =
∑
µ∈Spec(0)
b,≤kδ
0<µ≤kǫ0
Πk,≤kδ,µu+Πk,≤kδ,>kǫ0u.
We claim that for every µ ∈ Spec(0)b,≤kδ, 0 < µ ≤ kǫ0 and every u ∈ C∞(X,Lk),
(3.23) Fk,δΠk,≤kδ,µu = 0
if ǫ0 > 0 is small enough. Fix µ ∈ Spec(0)b,≤kδ
⋂
(0, kδ] and u ∈ C∞(X,Lk). From (3.9) and
(3.12), we have
(3.24)
∥∥∥(1)b,kF (1)k,δ ∂bΠk,≤kδ,µu∥∥∥2 ≥ c1k2 ∥∥∥F (1)k,δ ∂bΠk,≤kδ,µu∥∥∥2 ,
where c1 > 0 is a constant independent of k and u. It is easy to see that

(1)
b,kF
(1)
k,δ ∂bΠk,≤kδ,µu = µF
(1)
k,δ ∂bΠk,≤kδ,µu.
Thus,
(3.25)
∥∥∥(1)b,kF (1)k,δ ∂bΠk,≤kδ,µu∥∥∥2 ≤ k2ǫ20 ∥∥∥F (1)k,δ ∂bΠk,≤kδ,µu∥∥∥2 .
From (3.24) and (3.25), we conclude that if ǫ0 > 0 is small enough then
F
(1)
k,δ ∂bΠk,≤kδ,µu = ∂bFk,δΠk,≤kδ,µu = 0.
Hence,
(3.26) Fk,δΠk,≤kδ,µu =
1
µ

(0)
b,kFk,δΠk,≤kδ,µu = 0.
From (3.26), the claim (3.23) follows. We get (3.20).
Let Q
(0)
≤kδ : L
2(X,Lk)→ L2≤kδ(X,Lk) be the orthogonal projection. From (3.22) and (3.23),
if ǫ0 > 0 is small enough, then
‖Fk,δ(I − Πk,≤kδ)u)‖
=
∥∥∥Fk,δ(I − Πk,≤kδ)(Q(0)≤kδu)∥∥∥
=
∥∥∥Fk,δΠk,≤kδ,>kǫ0(Q(0)≤kδu)∥∥∥
≤
∥∥∥Πk,≤kδ,>kǫ0(Q(0)≤kδu)∥∥∥
≤ 1
kǫ0
∥∥∥(0)b,kΠ(0)k,≤kδ,>kǫ0(Q(0)≤kδu)∥∥∥
=
1
kǫ0
∥∥∥Π(0)k,≤kδ,>kǫ0(0)b,k(Q(0)≤kδu)∥∥∥ ≤ 1kǫ0
∥∥∥(0)b,ku∥∥∥ ,
(3.27)
for every u ∈ C∞(X,Lk). From (3.27), (3.21) follows. 
Theorem 3.9. 
(0)
b,k has a O(k
−n0) small spectral gap on X with respect to Fk,δ.
Proof. Let u ∈ C∞(X,Lk). It is easy to see that
(3.28) Fk,δ(I − Πk)u = Fk,δ(I − Πk,≤kδ)u.
From (3.28) and (3.21), the theorem follows. 
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3.2. The operator Fk,δ on canonical coordinate patch. Let D ⊂ X be a canonical coordi-
nate patch and let x = (x1, . . . , x2n−1) be canonical coordinates on D. We identify D with
W×] − ε, ε[⊂ R2n−1, where W is some open set in R2n−2 and ε > 0. Until further notice,
we work with canonical coordinates x = (x1, . . . , x2n−1). Let η = (η1, . . . , η2n−1) be the dual
coordinates of x. Let s be a local rigid CR frame of L on D, |s|2h = e−2Φ. Let Fk,δ,s be the
localized operator of Fk,δ given by (2.4). Put
(3.29) Bk =
k2n−1
(2π)2n−1
∫
eik〈x−y,η〉τδ(η2n−1)dη.
Lemma 3.10. We have
Fk,δ,s − Bk = O(k−∞) : Hscomp (D)→ Hsloc (D), ∀s ∈ N0.
Proof. We also write y = (y1, . . . , y2n−1) to denote the canonical coordinates x. It is easy to
see that on D,
(3.30) Fk,δ,su(y) =
1
2π
∑
m∈Z
τδ
(m
k
)
eimy2n−1
∫ π
−π
e−imtu(eity′)dt, ∀u ∈ C∞0 (D),
where y′ = (y1, . . . , y2n−2). Fix D′ ⋐ D and let χ(y2n−1) ∈ C∞0 (]− ε, ε[) such that χ(y2n−1) = 1
for every (y′, y2n−1) ∈ D′. Let Rk : C∞0 (D′)→ C∞(D′) be the continuous operator given by
(2π)2Rku =∑
m∈Z
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉+im(y2n−1−t)τδ
(η2n−1
k
)
(1− χ(y2n−1))u(eitx′)dtdη2n−1dy2n−1.(3.31)
By using integration by parts with respect to η2n−1, it is easy to see that the integral (3.31)
is well-defined. Moreover, we can integrate by parts with respect to η2n−1 and y2n−1 several
times and conclude that
(3.32) Rk = O(k
−∞) : Hscomp (D
′)→ Hsloc (D′), ∀s ∈ N0.
Now, we claim that
(3.33) Bk +Rk = Fk,δ,s on C
∞
0 (D
′).
Let u ∈ C∞0 (D′). From (3.29) and Fourier inversion formula, it is straightforward to see that
Bku(x) =
1
(2π)2
∑
m∈Z
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉τδ
(η2n−1
k
)
χ(y2n−1)eim(y2n−1−t)u(eitx′)dtdη2n−1dy2n−1.
(3.34)
From (3.34) and (3.31), we have
(Bk +Rk)u(x)
=
1
(2π)2
∑
m∈Z
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉τδ
(η2n−1
k
)
eimy2n−1e−imtu(eitx′)dtdη2n−1dy2n−1.
(3.35)
Note that the following formula holds for every m ∈ Z,
(3.36)
∫
eimy2n−1e−iy2n−1η2n−1dy2n−1 = 2πδm(η2n−1),
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where the integral is defined as an oscillatory integral and δm is the Dirac measure at m.
Using (3.30), (3.36) and the Fourier inversion formula, (3.35) becomes
(Bk +Rk)u(x) =
1
2π
∑
m∈Z
τδ
(m
k
)
eix2n−1m
∫
|t|≤π
e−imtu(eitx′)dt = Fk,δ,su(x).(3.37)
From (3.37), the claim (3.33) follows. From (3.33) and (3.32), the lemma follows. 
From Lemma 3.10, we see that the condition (III) in Theorem 3.3 holds.
Lemma 3.11. Let D ⊂ X be a canonical coordinate patch of X. Then, Πk,≤kδ is k-negligible
away the diagonal with respect to Fk,δ on D.
Proof. Let χ, χ1 ∈ C∞0 (D), χ1 = 1 on some neighbourhood of Suppχ. Let u ∈ H0b,≤kδ(X,Lk)
with ‖u‖ = 1. It is well-known that (see Theorem 2.4 in [17]) there is a constant C > 0
independent of k and u such that
(3.38) |u(x)|2hk ≤ Ckn, ∀x ∈ X.
Let x = (x1, . . . , x2n−1) = (x′, x2n−1) be canonical coordinates on D. Put v = (1 − χ1)u. It is
straightforward to see that on D,
(2π)2χFk,δ(1− χ1)u(x)
=
∑
m∈Z
|m|≤2kδ
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉χ(x)τδ
(η2n−1
k
)
eim(y2n−1−t)v(eitx′)dt dη2n−1 dy2n−1.(3.39)
Let ε > 0 be a small constant so that for every (x1, . . . , x2n−1) ∈ Suppχ, we have
(3.40) (x1, . . . , x2n−2, y2n−1) ∈ {x ∈ D; χ1(x) = 1} , ∀ |y2n−1 − x2n−1| < ε.
Let ψ ∈ C∞0 ((−1, 1)), ψ = 1 on
[− 1
2
, 1
2
]
. Put
I0(x) =
1
(2π)2
∑
m∈Z,|m|≤2kδ
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉
(
1− ψ
(x2n−1 − y2n−1
ε
))
χ(x)τδ
(η2n−1
k
)
eimy2n−1
× e−imtv(eitx′)dtdη2n−1dy2n−1,
(3.41)
I1(x) =
1
(2π)2
∑
m∈Z
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1>ψ
(x2n−1 − y2n−1
ε
)
χ(x)τδ
(η2n−1
k
)
eimy2n−1
× e−imtv(eitx′)dtdη2n−1dy2n−1,
(3.42)
and
I2(x) =
1
(2π)2
∑
m∈Z,|m|>2kδ
∫
|t|≤π
ei〈x2n−1−y2n−1,η2n−1〉ψ
(x2n−1 − y2n−1
ε
)
χ(x)τδ
(η2n−1
k
)
eimy2n−1
× e−imtv(eitx′)dtdη2n−1dy2n−1.
(3.43)
It is clear that on D,
(3.44) χFk,δ(1− χ1)u(x) = I0(x) + I1(x)− I2(x).
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By using integration by parts with respect to η2n−1 several times and (3.38), we conclude that
for every N > 0 and m ∈ N, there is a constant CN,m > 0 independent of u and k such that
(3.45) ‖I0(x)‖Cm(D) ≤ CN,mk−N .
Similarly, by using integration by parts with respect to y2n−1 several times and (3.38), we
conclude that for every N > 0 and m ∈ N, there is a constant C˜N,m > 0 independent of u and
k such that
(3.46) ‖I2(x)‖Cm(D) ≤ C˜N,mk−N .
We can check that
I1(x) =
1
2π
∫
ei〈x2n−1−y2n−1,η2n−1〉ψ
(x2n−1 − y2n−1
ε
)
χ(x)τδ
(η2n−1
k
)
v(x′, y2n−1)dη2n−1dy2n−1.
(3.47)
From (3.40) and (3.47), we deduce that
(3.48) I1(x) = 0 on D.
From (3.44), (3.45), (3.46) and (3.48), we conclude that for every N > 0 and m ∈ N, there
is a constant CˆN,m > 0 independent of u and k such that
(3.49) ‖χFk,δ(1− χ1)u(x)‖Cm(D) ≤ CˆN,mk−N .
From (3.38) and (3.49), it is not difficult to see that
(3.50)
dk∑
j=1
|χFk,δ(1− χ1)fj(x)|2hk = O(k−∞) on D,
where {f1, . . . , fdk} is an orthonormal basis for H0b,≤kδ(X,Lk). From (3.50), the lemma fol-
lows. 
From Theorem 3.9, Lemma 3.10 and Lemma 3.11, we see that the conditions (I) , (II) and
(III) in Theorem 3.3 holds. The proof of Theorem 1.1 is completed.
Proof of Corollary 1.2. We use the same notations as in Theorem 1.1. On the diagonal x = y,
by (1.17) we have ϕ(x, x, t) = 0. From (1.16) we have
(3.51) Pk,δ(x) = Pk,δ,s(x, x) =
∫
g(x, x, t, k)dt+O(k−∞) on D0.
Combining with (1.18), there exist bj(x) ∈ C∞(D0), j ∈ N0, such that
(3.52) Pk,δ(x) = Pk,δ,s(x, x) ∼
∞∑
j=0
kn−jbj(x) in Snloc(1;D0).
Let D1 be another canonical coordinate neighborhood and s1 be another local rigid CR frame
of L on D1. Then from Theorem 1.1 and the above argument, on D1 we have
(3.53) Pk,δ(x) = Pk,δ,s1(x, x) ∼
∞∑
j=0
kn−j bˆj(x) in Snloc(1;D1),
where bˆj(x) ∈ C∞(D1), j ∈ N0. Since on D ∩D1, we have Pk,δ,s(x, x) = Pk,δ,s1(x, x) = Pk,δ(x),
(3.52) and (3.53) yield bj(x) = bˆj(x) on D ∩D1, for all j ∈ N0. Hence, bj(x) ∈ C∞(X), for all
j ∈ N0, and we get the conclusion of Corollary 1.2. 
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3.3. Properties of the phase function. In this section, we collect some properties of the
phase ϕ in Theorem 1.1. We will use the same notations as in Theorem 1.1.
In view of (1.17), we see that Imϕ(x, y, t) ≥ 0. Moreover, we can estimate Imϕ(x, y, t) in
some local coordinates.
Theorem 3.12. With the assumptions and notations used in Theorem 1.1, fix p ∈ D. We take
canonical coordinates x = (x1, . . . , x2n−1) defined in a small neighbourhood of p so that x(p) = 0,
ω0(p) = −dx2n−1 and T 1,0p X ⊕ T 0,1p X =
{∑2n−2
j=1 aj
∂
∂xj
; aj ∈ C, j = 1, . . . , 2n− 2
}
. If D is small
enough, then there is a constant c > 0 such that for (x, y, t) ∈ D ×D × (−δ, δ),
Imϕ(x, y, t) ≥ c |x′ − y′|2 , ∀(x, y, t) ∈ D ×D × (−δ, δ),
Imϕ(x, y, t) +
∣∣∣∣∂ϕ∂t (x, y, t)
∣∣∣∣2 ≥ c( |x2n−1 − y2n−1|2 + |x′ − y′|2),(3.54)
where x′ = (x1, . . . , x2n−2), y′ = (y1, . . . , y2n−2), |x′ − y′|2 =
∑2n−2
j=1 |xj − yj|2.
For the proof of Theorem 3.12, we refer the reader to the proof of Theorem 4.24 in [16].
In Section 4.4 of [16], the first author determined the tangential Hessian of ϕ(x, y, t). We
denote as usual x = (x1, . . . , x2n−1) = (z, θ), zj = x2j−1+ ix2j , j = 1, . . . , n− 1, canonical local
coordinates of X. We also use y = (y1, . . . , y2n−1), wj = y2j−1 + iy2j, j = 1, . . . , n− 1.
Theorem 3.13. With the assumptions and notations used in Theorem 1.1, fix (p, p, t0) ∈ D×D×
(−δ, δ), and let Z1,t0 , . . . , Zn−1,t0 be an orthonormal rigid frame of T 1,0x X varying smoothly with
x in a neighbourhood of p, for which the Hermitian quadratic form RLx − 2t0Lx is diagonalized
at p. That is,
RLp
(
Zj,t0(p), Zk,t0(p)
)− 2t0Lp(Zj,t0(p), Zk,t0(p)) = λj(t0)δj,k, j, k = 1, . . . , n− 1,
where λj(t0) > 0, j = 1, . . . , n − 1. Let s be a local rigid CR frame of L defined in some small
neighbourhood of p such that
x(p) = 0, ω0(p) = −dx2n−1, T = ∂
∂x2n−1
=
∂
∂θ
,〈 ∂
∂xj
(p) | ∂
∂xk
(p)
〉
= 2δj,k, j, k = 1, . . . , 2n− 2,
Zj,t0(p) =
∂
∂zj
+ i
n−1∑
k=1
τj,kzk
∂
∂x2n−1
+O(|z|2), j = 1, . . . , n− 1,
Φ(x) =
1
2
n−1∑
l,k=1
µk,lzkzl +
n−1∑
l,k=1
(
al,kzlzk + al,kzlzk
)
+O(|z|3),
(3.55)
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where τj,k, µj,k, aj,k ∈ C, µj,k = µk,j, j, k = 1, . . . , n − 1. Then there exists a neighbourhood of
(p, p) such that
ϕ(x, y, t0) = t0(−x2n−1 + y2n−1)− i
2
n−1∑
j,l=1
(al,j + aj,l)(zjzl − wjwl)
+
i
2
n−1∑
j,l=1
(al,j + aj,l)(zjzl − wjwl) + it0
2
n−1∑
j,l=1
(τ l,j − τj,l)(zjzl − wjwl)
− i
2
n−1∑
j=1
λj(t0)(zjwj − zjwj) + i
2
n−1∑
j=1
λj(t0) |zj − wj|2
+ (−x2n−1 + y2n−1)f(x, y, t0) +O(|(x, y)|3),
(3.56)
where f is smooth in a neighborhood of (p, p, t0) and f(0, 0, t0) = 0
4. EQUIVARIANT KODAIRA EMBEDDING
In this section, we will prove Theorem 1.3. Let
f1 ∈ H0b,≤kδ(X,Lk), . . . , fdk ∈ H0b,≤kδ(X,Lk)
be an orthonormal basis for H0b,≤kδ(X,Lk) with respect to ( · | · ). On D, we write
Fk,δfj = s
k ⊗ g˜j , g˜j ∈ C∞(D), j = 1, 2, . . . , dk.
Lemma 4.1. We have
Pk,δ,s(x, y) =
dk∑
j=1
e−kΦ(x)g˜j(x)g˜j(y)e−kΦ(y),
Pk,δ,s(x, x) =
dk∑
j=1
|g˜j(x)|2 e−2kΦ(x) =
dk∑
j=1
∣∣(Fk,δfj)(x)∣∣2hk .
(4.1)
In particular, (1.13) holds.
From Theorem 1.1, we have
Lemma 4.2. Let δ > 0 be a small constant. Then there exist constants C0 > 0 and k0 ∈ N such
that for all k ≥ k0 and all x ∈ X we have
(4.2)
dk∑
j=1
∣∣Fk,δfj(x)∣∣2hk ≥ C0kn.
Moreover, there is a constant c0 > 0 and k0 ∈ N such that for k ≥ k0 and every x ∈ X, there
exists j0 ∈ {1, 2, . . . , dk} with
(4.3)
∣∣Fk,δfj0(x)∣∣2hk ≥ c0.
Proof. Theorem 1.1 immediately implies the first assertion. We only need to prove the second.
It is well known [17, Theorem 1.4] that there is a constant C1 > 0 such that
(4.4) dimH0b,≤kδ(X,Lk) = dk ≤ C1kn,
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where C1 > 0 is a constant independent of k. From (4.4) and (4.2), we have for every x ∈ X,
C1k
nsup
{|Fk,δfj(x)|2hk ; j = 1, 2, . . . , dk}
≥ dksup
{|Fk,δfj(x)|2hk ; j = 1, 2, . . . , dk}
≥
dk∑
j=1
|Fk,δfj(x)|2hk ≥ C0kn.
From this, (4.3) follows. 
The (modified) Kodaira map Φk,δ : X → CPdk−1 introduced in (??) is explicitly defined as
follows. For x0 ∈ X, let s be a local rigid CR frame of L on an open neighbourhood D ⊂ X
of x0, |s(x)|2h = e−2Φ. On D, put Fk,δfj(x) = skf˜j(x), f˜j(x) ∈ C∞(D), j = 1, . . . , dk. Then,
(4.5) Φk,δ(x0) = [f˜1(x0), . . . , f˜dk(x0)] ∈ CPdk−1.
In view of (4.3), we see that Φk,δ is well-defined as a smooth CR map from X to CP
dk−1. We
wish to prove that Φk,δ is an embedding for k large enough. Since X is compact, a smooth
map is an embedding if and only if it is an injective immersion.
Theorem 4.3. The map Φk,δ is an immersion for k large enough.
To prove Theorem 4.3, we need some preparations. Fix p ∈ X and let s be a local rigid
CR frame of L on a canonical coordinate patch D, p ∈ D, |s|2h = e−2Φ, with canonical local
coordinates x = (x1, . . . , x2n−1) = (z, θ). We take canonical coordinates x and s so that (3.55)
hold. We identify D with an open set in R2n−1. For r > 0, put
Dr :=
{
x ∈ R2n−1; |xj | < r, j = 1, 2, . . . , 2n− 1
}
.
For x = (x1, . . . , x2n−1), put
F ∗kx :=
(
x1√
k
, . . . ,
x2n−2√
k
,
x2n−1
k
)
.
From (3.56), we can check that
(4.6) kiϕ(0, F ∗k y, t) = iy2n−1t+ iϕ0(w, t) + rk(y, t) on Dlog k,
where rk(y, t) ∈ C∞(Dlog k × (−δ, δ)) and ϕ0(w, t) ∈ C∞(R2n−2 × (−δ, δ)) independent of k.
Moreover, for every α ∈ N2n−1, we have
(4.7) lim
k→∞
sup
(y,t)∈Dlog k×(−δ,δ)
∣∣∂αy rk(y, t)∣∣ = 0,
and there exists a constant C > 0 such that
ϕ0(0, t) = 0, ∀t ∈ (−δ, δ),
ϕ0(w, t) = ϕ0(−w, t), ∀(w, t) ∈ R2n−2 × (−δ, δ),∫
e−Imϕ0(w,t)dy1 . . . dy2n−2 ≤ C <∞, ∀t ∈ (−δ, δ).
(4.8)
Take χ ∈ C∞0 ((−1, 1)) with 0 ≤ χ ≤ 1, χ(x) = 1 on [−12 , 12 ] and χ(t) = χ(−t), for every t ∈ R.
For ǫ > 0, put χǫ(x) := ǫ
−1χ(ǫ−1x). Let g0(x, y, t) ∈ C∞(D×D× (−δ, δ)) be as (1.18). We can
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check that
lim
ǫ→0
∫
eiϕ0(w,t)+iy2n−1tg0(0, 0, t)χǫ(y1) . . . χǫ(y2n−2)dydt
=
∫
eiy2n−1tg0(0, 0, t)dtdy2n−1
∫
R2n−2
χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2
= (2π)g0(0, 0, 0)
∫
R2n−2
χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2 6= 0,
(4.9)
lim
ǫ→0
∫
eiϕ0(w,t)+iy2n−1tg0(0, 0, t)ǫ
−2 |yj|2 χǫ(y1) . . . χǫ(y2n−1)dydt
=
∫
eiy2n−1tg0(0, 0, t)dtdy2n−1
∫
R2n−2
|yj|2 χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2
= (2π)g0(0, 0, 0)
∫
R2n−2
|yj|2 χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2 6= 0, j = 1, 2, . . . , 2n− 2,
(4.10)
and
lim
ǫ→0
∫
eiϕ0(w,t)+iy2n−1t(−it)g0(0, 0, t)χǫ(y1) . . . χǫ(y2n−1)y2n−1dydt
=
∫
eiy2n−1t(−ity2n−1)g0(0, 0, t)dtdy2n−1
∫
R2n−2
χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2
= (2π)g0(0, 0, 0)
∫
R2n−2
χ(y1) . . . χ(y2n−2)dy1 . . . dy2n−2 6= 0.
(4.11)
From (4.9), (4.10) and (4.11), we deduce that there is a ǫ0 > 0, ǫ0 small, such that
∫
eiϕ0(w,t)+iy2n−1tg0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt =: V0 6= 0,∫
eiϕ0(w,t)+iy2n−1tg0(0, 0, t) |yj|2 χǫ0(y1) . . . χǫ0(y2n−2)dydt =: Vj 6= 0, j = 1, 2, . . . , 2n− 2,∫
eiϕ0(w,t)+iy2n−1t(−ity2n−1)g0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt =: V 6= 0.
(4.12)
Assume that p ∈ D0 ⋐ D. We need
Lemma 4.4. With the notations above, there is a K0 > 0 independent of the point p such that
for all k ≥ K0, we can find
gjk ∈ H0b,≤kδ(X,Lk), j = 1, . . . , n,
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such that if we put Fk,δg
j
k = s
kg˜jk on D, j = 1, . . . , n, then
n∑
j=1
∣∣(e−kΦg˜jk)(p)∣∣ = 0,∣∣∣∣ 1√k∂zt(e−kΦg˜jk)(0)
∣∣∣∣ ≤ ǫk, j = 1, 2, . . . , n, t = 1, 2, . . . , n− 1,∣∣∣∣ 1√k∂zt(e−kΦg˜jk)(0)
∣∣∣∣ ≤ ǫk, j = 1, 2, . . . , n, t = 1, 2, . . . , n− 1, j 6= t,∣∣∣∣ 1√k∂zj(e−kΦg˜jk)(0)
∣∣∣∣ ≥ C0, j = 1, . . . , n− 1,∣∣∣∣1k∂x2n−1(e−kΦg˜nk)(0)
∣∣∣∣ ≥ C0,
(4.13)
where C0 > 0 is a constant independent of k and the point p, ǫk is a sequence independent of p
with limk→∞ ǫk = 0.
Proof. Let χ ∈ C∞0 (R) and ǫ0 > 0 be as in (4.12). Put
(4.14) uk := Πk,≤kδFk,δ
(
ekΦ(w)χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ
( k
log k
y2n−1
) 1
m(y)
)
,
where w = (w1, . . . , wn−1), wj = y2j−1 + iy2j , j = 1, . . . , n− 1, and m(y)dy = dvX(y) on D. We
put Fk,δuk = s
ku˜k on D. In view of Theorem 1.1, we see that on D0,
(4.15)
e−kΦ(z)u˜k(x) =
∫
eikϕ(x,y,t)g(x, y, t, k)χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ(
k
log k
y2n−1)dydt+O(k−∞).
From (4.6), (4.7), (4.15) and (4.12), we can check that
lim
k→∞
∫
eikϕ(0,y,t)g(0, y, t, k)χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ(
k
log k
y2n−1)dydt
= lim
k→∞
∫
eikϕ(0,F
∗
k
y,t)k−ng(0, F ∗k y, t, k)χǫ0(y1) . . . χǫ0(y2n−2)χ(
y2n−1
log k
)dtdy
=
∫
eiϕ0(w,t)+iy2n−1tg0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt = V0 6= 0.
(4.16)
From (4.16) and notice that X is compact, it is easy to see that there is a k0 > 0 independent
of the point p such that for all k ≥ k0, we have
1
A0
≤ ∣∣e−kΦ(0)u˜k(0)∣∣ ≤ A0,(4.17)
where A0 > 1 is a constant independent of k and the point p. From now on, we assume that
k ≥ k0. From (3.56) and (4.15), we can check that
lim
k→∞
1
k
∂x2n−1(e
−kΦu˜k)(0) =
∫
eiϕ0(w,t)+ity2n−1(−it)g0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt = 0,
(4.18)
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and for j = 1, . . . , n− 1,
lim
k→∞
1√
k
∂zj (e
−kΦu˜k)(0)
=
∫
eiϕ0(w,t)+ity2n−1(−i)λj(t)(y2j−1 − iy2j)g0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt = 0,
(4.19)
(4.20) lim
k→∞
1√
k
∂zj(e
−kΦu˜k)(0) = 0.
From (4.18), (4.19) and (4.20), it is easy to see that∣∣∣∣1k∂x2n−1(e−kΦu˜k)(0)
∣∣∣∣ ≤ δk,∣∣∣∣ 1√k∂zj (e−kΦu˜k)(0)
∣∣∣∣ ≤ δk, j = 1, . . . , n− 1,∣∣∣∣ 1√k∂zj (e−kΦu˜k)(0)
∣∣∣∣ ≤ δk, j = 1, . . . , n− 1,
(4.21)
where δk is a sequence independent of the point p with limk→∞ δk = 0.
Put
(4.22) vnk := Πk,≤kδFk,δ
(
ekΦ(w)ky2n−1χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ(
k
log k
y2n−1)
1
m(y)
)
.
We put Fk,δv
n
k = s
kv˜nk on D. In view of Theorem 1.1, we see that
e−kΦ(z)v˜nk (x)
=
∫
eikϕ(x,y,t)g(x, y, t, k)
× ky2n−1χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ(
k
log k
y2n−1)dydt+O(k−∞) on D0.
(4.23)
From (4.23), it is easy to see that there is a constant E0 > 0 independent of k and the point
p such that
(4.24)
∣∣e−kΦ(0)v˜nk (0)∣∣ ≤ E0.
From (3.56) and (4.12), we can check that
lim
k→∞
1
k
∂x2n−1(e
−kΦv˜nk )(0)
=
∫
eiϕ0(w,t)+ity2n−1(−ity2n−1)g0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt = V 6= 0,
(4.25)
and for j = 1, . . . , n− 1,
lim
k→∞
1√
k
∂zj (e
−kΦv˜nk )(0)
=
∫
eiϕ0(w,t)+ity2n−1(−i)λj(t)(y2j−1 − iy2j)y2n−1g0(0, 0, t)χǫ0(y1) . . . χǫ0(y2n−2)dydt = 0,
(4.26)
(4.27) lim
k→∞
1√
k
∂zj (e
−kΦv˜nk )(0) = 0.
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From (4.25), (4.26) and (4.27), it is easy to see that there is a k1 > k0 independent of the
point p such that for all k ≥ k1, we have∣∣∣∣1k∂x2n−1(e−kΦv˜nk )(0)
∣∣∣∣ ≥ B0,∣∣∣∣ 1√k∂zj (e−kΦv˜nk )(0)
∣∣∣∣ ≤ δˆk, j = 1, . . . , n− 1,∣∣∣∣ 1√k∂zj (e−kΦv˜nk )(0)
∣∣∣∣ ≤ δˆk, j = 1, . . . , n− 1,
(4.28)
where B0 > 0 is a constant independent of k and the point p and δˆk is a sequence independent
of the point p with limk→∞ δˆk = 0. From now on, we assume that k ≥ k1. Put
gnk := v
n
k −
(e−kΦv˜nk )(0)
(e−kΦu˜k)(0)
uk ∈ H0b,≤kδ(X,Lk).
Put Fk,δg
n
k = s
kg˜nk on D. From (4.17), (4.21), (4.24) and (4.28), we see that there is a
constant k1 > 0 independent of k and the point p such that∣∣(e−kΦg˜nk)(0)∣∣ = 0,∣∣∣∣ 1√k∂zt(e−kΦg˜nk)(0)
∣∣∣∣ ≤ ǫk, t = 1, . . . , n− 1,∣∣∣∣ 1√k∂zt(e−kΦg˜nk)(0)
∣∣∣∣ ≤ ǫk, t = 1, . . . , n− 1,∣∣∣∣1k∂x2n−1(e−kΦg˜nk )(0)
∣∣∣∣ ≥ C0,
(4.29)
where C0 > 0 is a constant independent of k and the point p, ǫk is a sequence independent of
p with limk→∞ ǫk = 0.
Fix j ∈ {1, 2, . . . , n− 1}. Put
vjk := Πk,≤kδFk,δ
(
ekΦ(w)
√
k(y2j−1 + iy2j)χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ
( k
log k
y2n−1
) 1
m(y)
)
.
We put Fk,δv
j
k = s
kv˜jk on D. In view of Theorem 1.1, we see that
e−kΦ(z)v˜jk(x) =
∫
eikϕ(x,y,t)g(x, y, t, k)
√
k(y2j−1 + iy2j)
× χǫ0(
√
ky1) . . . χǫ0(
√
ky2n−2)χ
( k
log k
y2n−1
)
dydt+O(k−∞) on D0.
(4.30)
From (4.30), it is easy to see that there is a constant E1 > 0 independent of k and the point
p such that
(4.31)
∣∣e−kΦ(0)v˜jk(0)∣∣ ≤ E1.
Moreover, from (3.56), (4.12) and (4.30), we can repeat the proof of (4.28) with minor
changes and deduce that there is a kˆ0 > 0 independent of the point p such that for all k ≥ kˆ0,
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we have ∣∣∣∣1k∂x2n−1(e−kΦv˜jk)(0)
∣∣∣∣ ≤ δ˜k,∣∣∣∣ 1√k∂zj (e−kΦv˜jk)(0)
∣∣∣∣ ≥ B1,∣∣∣∣ 1√k∂zt(e−kΦv˜jk)(0)
∣∣∣∣ ≤ δ˜k, j, t = 1, . . . , n− 1, j 6= t,∣∣∣∣ 1√k∂zt(e−kΦv˜jk)(0)
∣∣∣∣ ≤ δ˜k, j, t = 1, . . . , n− 1,
(4.32)
where B1 > 0 is a constant independent of k and the point p and δ˜k is a sequence independent
of the point p with limk→∞ δ˜k = 0. Put
(4.33) gjk := v
j
k −
(e−kΦv˜jk)(0)
(e−kΦu˜k)(0)
uk ∈ H0b,≤kδ(X,Lk).
Put Fk,δg
j
k = s
kg˜jk on D. From (4.17), (4.21), (4.31) and (4.32), we see that there is a
constant kˆ1 > 0 independent of k and the point p such that∣∣(e−kΦg˜jk)(0)∣∣ = 0,∣∣∣∣ 1√k∂zt(e−kΦg˜jk)(0)
∣∣∣∣ ≤ ǫk, t = 1, . . . , n− 1,∣∣∣∣ 1√k∂zt(e−kΦg˜jk)(0)
∣∣∣∣ ≤ ǫk, t = 1, . . . , n− 1, t 6= j,∣∣∣∣ 1√k∂zj(e−kΦg˜jk)(0)
∣∣∣∣ ≥ C0,∣∣∣∣1k∂x2n−1(e−kΦg˜jk)(0)
∣∣∣∣ ≤ ǫk,
(4.34)
where C0 > 0 is a constant independent of k and the point p, ǫk is a sequence independent of
p with limk→∞ ǫk = 0.
From (4.29) and (4.34), the lemma follows. 
Proof of Theorem 4.3. We are going to prove that if k is large enough then the map
dΦk,δ(x) : TxX → TΦk,δ(x)CPdk−1,
is injective. Fix p ∈ X and let s be a local rigid CR frame of L on a canonical coordinate patch
D, p ∈ D, |s|2h = e−2Φ, with canonical local coordinates x = (x1, . . . , x2n−1) = (z, θ). We take
local coordinate x and s so that (3.55) hold. From Lemma 4.2, we may assume that
(4.35)
∣∣∣(e−kΦf˜1)(p)∣∣∣2 ≥ c0,
where Fk,δfj = s
kf˜j on D, j = 1, . . . , dk and c0 > 0 is a constant independent of k and the
point p. Let g1k, . . . , g
n
k ∈ H0b,≤kδ(X,Lk) be as in Lemma 4.4. From (4.13), it is not difficult
to see that there is a Kˆ0 > 0 independent of the point p such that f1, g
1
k, . . . , g
n
k are linearly
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independent over C. Put
pjk =
e−kΦg˜jk
e−kΦf˜1
, j = 1, . . . , n,
pjk = α
2j−1
k + iα
2j
k , α
2j−1
k = Re p
j
k, α
2j
k = Im p
j
k, j = 1, . . . , n− 1,
(4.36)
where Fk,δg
j
k = s
kg˜jk on D, j = 1, . . . , n. From (4.13) and (4.35), it is not difficult to see that
there is a K˜0 > 0 independent of the point p such that for all k ≥ K˜0, we have
(4.37)
∣∣∂ztptk(p)∣∣ ≥ c1√k, t = 1, . . . , n− 1, ∣∣∂x2n−1pnk(p)∣∣ ≥ c1k,
and
sup {∣∣∂x2n−1ptk(p)∣∣ , ∣∣∂zsptk(p)∣∣ , |∂zspnk(p)| ; s, t = 1, . . . , n− 1, s 6= t}
+ sup {∣∣ptk(p)∣∣ , ∣∣∂zsptk(p)∣∣ ; s = 1, . . . , n− 1, t = 1, . . . , n} ≤ εk,(4.38)
where εk is a sequence independent of the point p with limk→∞ εk = 0. From (4.37), (4.38)
and some elementary linear algebra argument, we conclude that there is a K1 > 0 indepen-
dent of the point p such that for every k ≥ K1, the linear map Ak : R2n−1 → R2n represented
by the matrix 
∂x1
(
e−kΦα1k
)
(p) ∂x2
(
e−kΦα1k
)
(p) . . . ∂x2n−1
(
e−kΦα1k
)
(p)
∂x1
(
e−kΦα2k
)
(p) ∂x2
(
e−kΦα2k
)
(p) . . . ∂x2n−1
(
e−kΦα2k
)
(p)
...
...
...
...
∂x1
(
e−kΦα2nk
)
(p) ∂x2
(
e−kΦα2nk
)
(p) . . . ∂x2n−1
(
e−kΦα2nk
)
(p)
 ,
is injective. Hence the differential of the map
X ∋ x 7−→
(
g˜1k
f˜1
(x), . . . ,
g˜nk
f˜1
(x)
)
∈ Cn
at p is injective if k ≥ K1. From this and some elementary linear algebra arguments, we
conclude that the differential of the map
X ∋ x 7−→
(
f˜2
f˜1
(x), . . . ,
f˜dk
f˜1
(x)
)
∈ Cdk
at p is injective if k ≥ K1. Theorem 4.3 follows. 
In the rest of this section, we will prove that for k large enough, the map Φk,δ : X → CPdk−1
is injective. We need some preparations. Let (D, (z, θ), φ) be a BRT trivialization. We write
x = (z, θ) = (x1, . . . , x2n−1), x′ = (x1, . . . , x2n−2, 0), zj = x2j−1+ ix2j , j = 1, . . . , n−1. We need
Lemma 4.5. With the notations above, for every uk ∈ C∞(X,Lk), we have
(Fk,δuk)(x)
=
1
(2π)2
∑
m∈Z
∫
ei(x2n−1−y2n−1)η2n−1τδ
(η2n−1
k
)
eimy2n−1e−imθuk(e
iθx′)dθdη2n−1dy2n−1 on D.
(4.39)
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Proof. Put τδ,k(η2n−1) := τδ
(
η2n−1
k
)
. By Fourier inversion formula, we have
1
(2π)2
∑
m∈Z
∫
ei(x2n−1−y2n−1)η2n−1τδ
(η2n−1
k
)
eimy2n−1e−imθuk(eiθx′)dθdη2n−1dy2n−1
=
1
(2π)2
∑
m∈Z
∫
τˆδ,k(y2n−1 − x2n−1)eimy2n−1e−imθuk(eiθx′)dθdy2n−1
=
1
(2π)2
∑
m∈Z
∫
τˆδ,k(y2n−1)eimy2n−1+imx2n−1e−imθuk(eiθx′)dθdy2n−1
=
1
2π
∑
m∈Z
∫
τδ,k(m)e
imx2n−1e−imθu(eiθx′)dθ
=
1
2π
∑
m∈Z
∫
τδ
(m
k
)
e−imθu(eiθx)dθ
= Fk,δuk,
(4.40)
where τˆδ,k denotes the Fourier transform of τδ,k. From (4.40), the lemma follows. 
Lemma 4.6. With the notations above, let uk ∈ C∞(X,Lk). Assume that there are con-
stants C > 0 and M > 0 independent of k such that |uk(x)|2hk ≤ CkM , for every x ∈ X. If
Supp uk
⋂
D = ∅ for every k, then Fk,δuk = O(k−∞) on D.
Proof. Assume that D = U × (−ǫ0, ǫ0), where U is an open set in Cn−1 and ǫ0 > 0. Fix D′ ⋐ D
and let χ(y2n−1) ∈ C∞0 ((−ǫ0, ǫ0)) such that χ(y2n−1) = 1 for every (y′, y2n−1) ∈ D′. Let
Rkuk(x) =
1
(2π)2
∑
m∈Z
∫
|θ|≤π
ei(x2n−1−y2n−1)η2n−1τδ
(η2n−1
k
)
× (1− χ(y2n−1))eimy2n−1e−imθuk(eiθx′)dθdη2n−1dy2n−1,
(4.41)
where x ∈ D′. Since χ(y2n−1) = 1 for every (y′, y2n−1) ∈ D′, we can integrate by parts with
respect to η2n−1 several times and deduce that
(4.42) Rkuk(x) = O(k
−∞) on D′.
From (4.39) and (4.41), we have
(Fk,δuk − Rkuk)(x)
=
1
(2π)2
∑
m∈Z
∫
|θ|≤π
ei(x2n−1−y2n−1)η2n−1τδ
(η2n−1
k
)
χ(y2n−1)eimy2n−1e−imθuk(eiθx′)dθdη2n−1dy2n−1
=
1
(2π)
∫
ei(x2n−1−y2n−1)η2n−1τδ
(η2n−1
k
)
χ(y2n−1)uk(x1, . . . , x2n−2, y2n−1)dη2n−1dy2n−1 = 0
(4.43)
since Supp uk
⋂
D = ∅. From (4.42) and (4.43), the lemma follows. 
We need the following CR peak sections lemma.
Lemma 4.7. Let p 6= q two points in X and let {xk}, {yk} be two sequences in X with xk → p,
yk → q. Then there exist vk ∈ H0b,≤kδ(X,Lk) such that uk = Fk,δvk satisfies for k large enough,
(4.44) |uk(xk)|2hk ≥ 1, |uk(yk)|2hk ≤
1
2
·
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Proof. Let (D, (z, θ), φ) be a BRT trivialization with p ∈ D and q /∈ D. We may assume that
p = (0, 0). As before, let
f1 ∈ H0b,≤kδ(X,Lk), . . . , fdk ∈ H0b,≤kδ(X,Lk)
be an orthonormal basis for H0b,≤kδ(X,Lk) with respect to ( · | · ). Let s be a local rigid CR
frame of L on an open neighbourhood D ⊂ X of p, |s(x)|2h = e−2Φ. Let χ ∈ C∞0 (D), χ = 1
on D0, where D0 ⊂ D is an open set of p. On D, put Fk,δfj(x) = skf˜j(x), f˜j(x) ∈ C∞(D),
j = 1, . . . , dk. Assume that {xk} ⋐ D0. Let
(4.45) v˜k(x) = s
k(x)⊗
dk∑
j=1
χ(x)(Fk,δfj)(x)f˜j(xk)e
−kΦ(xk) ∈ C∞0 (D,Lk) ⊂ C∞(X,Lk).
In view of Theorem 1.1, we see that
(4.46) v˜k(x) = s
k(x)⊗ χ(x)
∫
eikϕ(x,xk,t)+kΦ(x)g(x, xk, t, k)dt+ (k
−∞) on D.
Since
∫
eikϕ(x,xk,t)g(x, xk, t, k)dt = O(k
−∞) on D \D0 and

(0)
b,k(s
k(x)⊗ ∫ eikϕ(x,xk,t)+kΦ(x)g(x, xk, t, k)dt) = O(k−∞) on D,
we conclude that
(4.47) 
(0)
b,k v˜k = O(k
−∞) on D.
Let vk = Πk,≤kδv˜k ∈ H0b,≤kδ(X,Lk) and let uk = Fk,δvk = Fk,δΠk,≤kδv˜k. From (3.21) and (4.47),
we can check that
(4.48) ‖Fk,δ(I − Πk,≤kδ)v˜k‖ = O(k−∞).
Form Kohn’s estimates, it is straightforward to see that for every s ∈ N0, there are Ns ∈ N,
Cs > 0 independent of k such that
(4.49)
‖Fk,δ(I −Πk,≤kδ)v˜k‖s+1,k ≤ CskNs
(
‖(0)b,kFk,δ(I − Πk,≤kδ)v˜k‖s,k + ‖TFk,δ(I −Πk,≤kδ)v˜k‖s,k
)
,
where ‖·‖s,k denotes the standard Sobolev norm of order s on the Sobolev space Hs(X,Lk).
From (4.49), by using induction and the estimate
‖TFk,δ(I − Πk,≤kδ)v˜k‖ ≤ kδ ‖Fk,δ(I − Πk,≤kδ)v˜k‖ ,
it is straightforward to see that for every s ∈ N, there are N˜s ∈ N, C˜s > 0 independent of k
such that
(4.50) ‖Fk,δ(I −Πk,≤kδ)v˜k‖s,k ≤ C˜skN˜s
( s∑
j=0
∥∥∥((0)b,k)jFk,δ(I −Πk,≤kδ)v˜k∥∥∥).
From (4.47), (4.48) and (4.50), we deduce that
(4.51) Fk,δ(I − Πk,≤kδ)v˜k = O(k−∞)
and thus
(4.52) uk = Fk,δv˜k +O(k
−∞).
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Let χ˜ ∈ C∞0 (D), χ˜(xk) = 1 for each k and χ = 1 on Supp χ˜. We can repeat the proof of
(3.50) with minor change and deduce that
(4.53)
dk∑
j=1
|χ˜Fk,δ(1− χ)Fk,δfj(x)|2
hk
= O(k−∞) on D
and hence
|Fk,δv˜k(xk)|2hk =
∣∣∣ dk∑
j=1
(Fk,δfj)(xk)f˜j(xk)e
−kΦ(xk)
∣∣∣2
hk
+O(k−∞)
=
∫
eikϕ(xk,xk,t)g(xk, xk, t, k)dt+O(k
−∞)
≥ Ckn,
(4.54)
where C > 0 is a constant independent of k.
Note that Supp v˜k ⊂ D and q /∈ D. From this observation and Lemma 4.6, we deduce that
(4.55) |Fk,δv˜k(yk)|2hk = O(k−∞).
From (4.52), (4.54) and (4.55), the lemma follows. 
Theorem 4.8. The map Φk,δ is injective for k large enough.
Proof. We assume that the claim of the theorem is not true. We can find xkj , ykj ∈ X, xkj 6= ykj ,
0 < k1 < k2 < . . ., limj→∞ kj = ∞, such that Φkj ,δ(xkj ) = Φkj ,δ(ykj), for each j. We may
suppose that there are xk, yk ∈ X, xk 6= yk, such that Φk,δ(xk) = Φk,δ(yk), for each k. We may
assume that xk → p ∈ X, yk → q ∈ X, as k → ∞. If p 6= q. From Lemma 4.7, we can find
uk = Fk,δvk, vk = Fk,δgk, vk, gk ∈ H0b,≤kδ(X,Lk) such that for k large, we have
(4.56) |uk(xk)|2hk ≥ 1, |uk(yk)|2hk ≤
1
2
,
and
(4.57) |vk(yk)|2hk ≥ 1, |vk(xk)|2hk ≤
1
2
.
Now, Φk,δ(xk) = Φk,δ(yk) implies that
|uk(xk)|2hk = rk |uk(yk)|2hk , |vk(xk)|2hk = rk |vk(yk)|2hk ,
where rk ∈ R+, for each k. (4.56) implies that rk ≥ 2, for k large. But (4.57) implies that
rk ≤ 12 , for k large. We get a contradiction. Thus, we must have p = q.
Let {fj}dkj=1 be an orthonormal basis of H0b,≤kδ(X,Lk). Let s be a local rigid CR frame of L
on a BRT trivialization (D, (z, θ), φ), p ∈ D, |s|2h = e−2Φ. Write Fk,δfj = sk ⊗ f˜j , j = 1, . . . , dk.
We assume that
(4.58) e−kΦ(xk)f˜j(xk) = λke
−kΦ(yk)f˜j(yk), λk ∈ C, |λk| ≥ 1.
This implies that
(4.59) Pk,δ,s(xk, yk) = λkPk,δ,s(yk, yk), λk ∈ C, |λk| ≥ 1.
We will show that (4.59) is impossible. Write xk = (z
k, xk2n−1) = (x
k
1, . . . , x
k
2n−1), yk =
(wk, yk2n−1) = (y
k
1 , . . . , y
k
2n−1) and
zk = (zk1 , . . . , z
k
n−1), w
k = (wk1 , . . . , w
k
n−1).
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Without loss of generality, we assume that
lim
k→∞
k|zk − wk|2 = M,M ∈ [0,∞].
Case I: M ∈ (0,∞]. First we assume that M =∞. From (3.4) we have
lim sup
k→∞
k−n|Pk,δ,s(xk, yk)| ≤ lim sup
k→∞
∫
e−kImϕ(xk ,yk,t) |g0(xk, yk, t)| dt.(4.60)
Combining with (4.60) and the fact Imϕ(xy, yk, s) ≥ c|zk − wk|2 in (1.17) we have
lim sup
k→∞
k−n|Pk,δ,s(xk, yk)| = 0.
This is a contradiction with lim
k→∞
k−nPk,δ,s(yk, yk) =
∫
g0(p, p, t)dt 6= 0 and the assumption
(4.59). Thus we haveM <∞. From (3.4) we have
(4.61) lim
k→∞
k−n|Pk,δ,s(xk, yk)| ≤ e−cM
∫
g0(p, p, t)dt
for some positive constant c. On the other hand lim
k→∞
k−n|Pk,δ,s(yk, yk)| =
∫
g0(p, p, t)dt. This is
a contradiction with (4.59). Thus we have M = 0, that is
(4.62) lim
k→∞
k|zk − wk|2 = 0.
Set
(4.63) α̂k =
√−1
n−1∑
j=1
[
∂φ(zk)
∂zj
(zkj − wkj )−
∂φ(zk)
∂zj
(zkj − wkj )
]
∈ R.
Recall that
ω0(x) = −dx2n−1 + i
n−1∑
j=1
( ∂φ
∂zj
(z)dzj − ∂φ
∂zj
(z)dzj
)
, x = (z, θ).
Without loss of generality, we assume that
(4.64) lim
k→∞
k(yk2n−1 − xk2n−1 + α̂k) = N ∈ [0,∞].
Case II:
(4.65) lim
k→∞
k|zk − wk|2 = 0; lim
k→∞
k(yk2n−1 − xk2n−1 + α̂k) = N ∈ (0,∞].
First we assume N =∞. From (3.4) we have
(4.66) k−nPk,δ,s(xk, yk) = k−n
∫
eikϕ(xk,yk,t)g(xk, yk, t, k)dt+ rk,
where |rk| = O(k−∞). By the second property in (1.17) we have
ϕ(x, y, t) =t(y2n−1 − x2n−1) + ti
n−1∑
j=1
[
∂φ
∂zj
(z)(zj − wj)− ∂φ
∂zj
(z)(zj − wj)
]
+ i
n−1∑
j=1
[
∂Φ
∂zj
(z)(zj − wj)− ∂Φ
∂zj
(z)(zj − wj)
]
+O(|x− y|2).
(4.67)
Note that
(4.68) k|xk−yk|2 . k|zk−wk|2+k|yk2n−1−xk2n−1+α̂k|2 . k|zk−wk|2+k|yk2n−1−xk2n−1+α̂k|ǫk,
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where ǫk → 0. From (4.67), (4.68) and the assumption N =∞ we have
(4.69) lim
k→∞
k
∂ϕ(xk, yk, t)
∂t
=∞.
Substituting (4.67) to (4.66), by (4.69) and integrating by parts with respect to t we have
(4.70) lim sup
k→∞
k−n|Pk,δ,s(xk, yk)| = 0.
This is a contradiction with (4.59) since limk→∞ k−nPk,δ,s(yk, yk) =
∫
g0(p, p, t)dt 6= 0. Second,
we assume N < ∞. Since lim
k→∞
k|zk − wk|2 = 0 and lim
k→∞
k(yk2n−1 − xk2n−1 + α̂k) = N < ∞, by
(4.68) we have that lim
k→∞
k|xk − yk|2 = 0. Substituting (4.67) to (4.66) we have that
lim sup
k→∞
k−n|Pk,δ,s(xk, yk) ≤ lim sup
k→∞
k−n
∣∣∣∣∫ eik[t(y2n−1−x2n−1+α̂k)+O(|xk−yk|2)]g(xk, yk, t, k)dt∣∣∣∣
≤
∣∣∣∣∫ eiNtg0(p, p, t)dt∣∣∣∣ .
(4.71)
Since
∣∣∫ eiNtg0(p, p, t)dt∣∣ < ∫ g0(p, p, t)dt = limk→∞ k−nPk,δ,s(yk, yk), combining this with (4.59)
and (4.71) we get a contradiction. Thus we have N = 0.
Case III:
(4.72) lim
k→∞
k|zk − wk|2 = 0; lim
k→∞
k(yk2n−1 − xk2n−1 + α̂k) = 0.
Define
Ak(u) = |Pk,δ,s(uxk + (1− u)yk, yk)|2 , Bk(u) = Pk,δ,s(uxk+(1−u)yk, uxk+(1−u)yk)·Pk,δ,s(yk, yk).
Set Hk(u) =
Ak(u)
Bk(u)
. By Schwartz inequality, we have 0 ≤ Hk(u) ≤ 1. Since Hk(0) = Hk(1) = 1,
then there exists a uk ∈ (0, 1) such that H ′′k (uk) ≥ 0. By direct calculation,
(4.73) H
′′
k (uk) =
A
′′
k(uk)
Bk(uk)
− 2A
′
k(uk)B
′
k(uk)
B2k(uk)
− Ak(uk)B
′′
k (uk)
B2k(uk)
+ 2
Ak(uk)B
′2
k (uk)
B3k(uk)
.
Write αk(u) = Pk,δ,s(uxk + (1 − u)yk, yk). Then Ak(u) = |αk(u)|2, A′k(u) = α′k(u)αk(u) +
αk(u)α
′
k(u) and
(4.74) A′′k(uk) = α
′′
k(uk)αk(uk) + 2|α′k(uk)|2 + αk(uk)α′′k(uk).
By Theorem 3.3, we have
(4.75) αk(u) =
∫
eikϕ(uxk+(1−u)yk ,yk,t)g(uxk + (1− u)yk, yk, t, k)dt+ γk(u),
where γk(u) = O(k
−∞). Write βk(u) =
∫
eikϕ(uxk+(1−u)yk ,yk,t)g(uxk + (1 − u)yk, yk, t, k)dt and
then
A′′k(uk) = 2|β ′k(uk)|2 + β ′′k(uk)βk(uk) + β ′′(uk)βk(uk) + 2β ′k(uk)γ′k(uk) + 2γ′k(uk)β ′k(uk)
+ β ′′k(uk)γk(uk) + γk(uk)β
′′
k(uk) + βk(uk)γ
′′
k(uk) + βk(uk)γ
′′
k(uk)
+ γ′′k(uk)γk(uk) + γk(uk)γ′′(uk) + 2|γ′k(uk)|2.
(4.76)
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Set
(4.77) α̂k(u) = i
n−1∑
j=1
[
∂φ
∂zj
∣∣∣
wk+u(zk−wk)
· (zkj − wkj )−
∂φ
∂zj
∣∣∣
wk+u(zk−wk)
· (zkj − wkj )
]
.
By the mean value theorem,
(4.78) |k(yk2n−1 − xk2n−1 + α̂k(uk))− k(yk2n−1 − xk2n−1 + α̂k)| = k|α̂k − α̂k(uk)| . k|zk − wk|2.
Then (4.72) and (4.78) implies that
(4.79) lim
k→∞
k|yk2n−1 − xk2n−1 + α̂k(uk)| = 0.
By direct calculation we have that
2|β ′k(uk)|2 + β ′′k(uk)βk(uk) + β ′′k(uk)βk(uk)
= 2k2n+2
[∣∣∣∣∫ tg0(p, p, t)dt∣∣∣∣2 − ∫ g0(p, p, t)t2dt · ∫ g0(p, p, t)dt
]
(yk2n−1 − xk2n−1 + α̂k(uk))2
− 2k2n+1
∫ [2n−2∑
j,l=1
∂2Imϕ(p, p, t)
∂xj∂xl
(xkj − ykj )(xkl − ykl )
]
g0(p, p, t)dt
+ o(k2n)O(k|zk − wk|2 + k2|yk2n−1 − xk2n−1 + α̂k(uk)|2).
(4.80)
By (3.56) there exists c > 0 such that for δ sufficiently small the following holds,
(4.81)
∫ [2n−2∑
j,l=1
∂2Imϕ(p, p, t)
∂xj∂xl
(xkj − ykj )(xkl − ykl )
]
g0(p, p, t)dt ≥ c|zk − wk|2.
By Ho¨lder’s inequality,
∣∣∫ tg0(p, p, t)dt∣∣2 < ∫ t2g0(p, p, t)dt · ∫ g0(p, p, t)dt, so by combining
(4.80) and (4.81) there exists c1 > 0 such that
lim sup
k→∞
k−2n
[
k|zk − wk|2 + k2(yk2n−1 − xk2n−1 + α̂k(uk))2
]−1×[
2|β ′k(uk)|2 + β ′′k(uk)βk(uk) + β ′′k(uk)βk(uk)
]
< −c1 < 0.
(4.82)
By direct calculation we have that
lim sup
k→∞
k−2n
[
k|zk − wk|2 + k2(yk2n−1 − xk2n−1 + α̂k(uk))2
]−1 × Ck = 0,(4.83)
where
Ck =2β
′
k(uk)γ
′
k(uk) + 2γ
′
k(uk)β
′
k(uk) + β
′′
k(uk)γk(uk) + γk(uk)β
′′
k(uk)+
βk(uk)γ
′′
k(uk) + βk(uk)γ
′′
k(uk) + γ
′′
k(uk)γk(uk) + γk(uk)γ
′′(uk) + 2|γ′k(uk)|2.
Combining (4.82), (4.83) and (4.76) there exists c2 > 0 such that
(4.84) lim sup
k→∞
[
k|zk − wk|2 + k2(yk2n−1 − xk2n−1 + α̂k(uk))2
]−1 A′′k(uk)
Bk(uk)
< −c2 < 0.
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It is straightforward to see that
lim sup
k→∞
[
k|zk − wk|2 + k2(yk2n−1 − xk2n−1 + α̂k(uk))2
]−1×{
2
|A′k(uk)| · |B′k(uk)|
B2k(uk)
+
|Ak(uk)| · |B′′k(uk)|
B2k(uk)
+ 2
|Ak(uk)| · |B′2k (uk)|
B3k(uk)
}
= 0.
(4.85)
From (4.84) and (4.85) we have
(4.86) lim sup
k→∞
[
k|zk − wk|2 + k2(yk2n−1 − xk2n−1 + α̂k(uk))2
]−1
H ′′k (uk) < 0.
This is a contradiction with H ′′k (uk) ≥ 0. 
Since X is compact Theorems 4.3 and 4.8 implies the modified Kodaira map Φk,δ defined
in (4.5) is an embedding. For different m1, m2 ∈ Z, H0b,m1(X,Lk) ⊥ H0b,m2(X,Lk), thus we
can choose an orthonormal basis {fj}dkj=1 of H0b,≤kδ(X,Lk) such that fj ∈ H0b,mj (X,Lk) with
mj ∈ Z and |mj | ≤ kδ for each 1 ≤ j ≤ dk. Then Fk,δfj ∈ H0b,mj (X) for each j. For any p ∈ X,
from the argument in the proof of [17, Lemma 1.20], we can find a local trivialization W
which is an S1 invariant neighborhood of p and local trivializing rigid CR section s of L on
W . Then onW , Fk,δfj = s
k⊗f˜j with f˜j ∈ C∞(W ), 1 ≤ j ≤ dk. Since Fk,δfj ∈ H0b,mj (X,Lk), we
have T f˜j = imj f˜j. Then for any θ ∈ [0, 2π) we have f˜j(eiθp) = eimjθf˜j(p). Thus, Φk,δ(eiθp) =
[f˜1(e
iθp), . . . , f˜dk(e
iθp)] = [eim1θf˜1(p), . . . , e
imdkθf˜dk(p)] = e
iθΦk,δ(p). We get the conclusion of
Theorem 1.3.
Corollaries 1.4 and 1.5 are immediate consequences of Theorem 1.3. We close with an
application of Corollary 1.5.
Example 4.9. Let (X, T 1,0X) be a compact CR manifold of dimension 3 with a transversal
CR locally free S1-action. Assume that X admits a rigid positive CR line bundle L. For
example, if X is strongly pseudoconvex, there is a rigid positive CR line bundle over X. Take
Z ∈ C∞(X, T 1,0X) such that Zx is a basis for T 1,0x X, for every x ∈ X. Let h be a distribution
on X with Th = 0 and Zh smooth (note that it is possible that there is a non-smooth function
h such that Zh is smooth). Hence, Zh ∈ C∞(X). Consider Tˆ 1,0X := span 〈Z + (Zh)T 〉.
Then, (X, Tˆ 1,0X) is a compact CR manifold of dimension 3 with a transversal CR locally free
S1-action. Moreover, L is still a rigid positive CR line bundle over (X, Tˆ 1,0X). To see this,
let s be a rigid CR frame with respect to T 1,0X and |s|2 = e−2φ. Then s is still a rigid CR
frame with respect to Tˆ 1,0X. Let ∂ˆb be the tangential Cauchy-Riemann operator with respect
to Tˆ 1,0X and ∂ˆb its conjugate. Then the curvature of L is given by Rˆ
L = 2∂ˆb∂ˆbφ. Since
∂ˆbφ = (Z + ZhT )φ = Zφdz we have ∂ˆb∂ˆbφ = ZZφ dz ∧ dz = ∂b∂bφ > 0.
From Theorem 1.3, we deduce that there exists smooth CR embeddings Φk,δ of (X, Tˆ
1,0X)
in CPdk−1 which are S1-equivariant with respect to weighted diagonal actions.
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